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THE ROLE OF ALGEBRA IN TOPOLOGY 
BY SOLOMON LEFSCHETZ 


1. Introduction. The assertion is often made of late that all 
mathematics is composed of algebra and topology. It is not so 
widely realized that the two subjects interpenetrate so that we 
have an algebraic topology as well as a topological algebra. 

The increasing importance of algebra in topology, a domain 
whose roots lie in a very different soil, signifies that here also 
the age of consolidation and coordination is upon us. My pres- 
ent object is primarily to show that a reasonable blend of the 
algebraic and topological points of view is possible. For this pur- 
pose I shall formalize my earlier procedure of immersion in vari- 
able euclidean spaces by means of which I introduced dual 
cycles into topology. We shall see that around this mode of at- 
tack it is possible to group many of the recent very interesting 
results of combinatorial topology. 


I. ALGEBRA OF COMPLEXES 


2. Abstract Complexes. Abstract complexes have been investi- 
gated by various authors, notably in recent years by J. W. 
Alexander, W. Mayer, and A. W. Tucker.{ While I shall lean 
particularly on Tucker’s work, my discussion bears largely on 
simplicial complexes and their duals, the basic types in topology. 

According to Tucker, then, an abstract complex K is a set of 
elements E, its cells, partially ordered relative to a transitive 
geometric relation of incidence < (“on the boundary of”), and 
with certain additional (algebraic) relations of incidence to be 
described presently. Each E has a dimension p which is a posi- 
tive or negative integer and shall be frequently denoted by an 
index, as E,. Moreover E < E’ implies dim E <dim E’. A p-chain 
of K is a linear form 


(1) C, = «E,, 


+ An address delivered at Duke University, December 30, 1936, as the retir- 
ing presidential address, before the American Mathematical Society. 

t J. W. Alexander, Transactions of this Society, vol. 28 (1926), pp. 301-329; 
W. Mayer, Monatshefte fiir Mathematik und Physik, vol. 36 (1929), pp. 1-42, 
219-258; A. W. Tucker, Annals of Mathematics, vol. 34 (1933), pp. 191-243. 
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where x; is a member of a given additive abelian group G. There 
is attached to K a linear chain-function F, called a boundary 
operator and determined by 


(2) F(Ef) = = 


where the incidence-number [ | is an integer, which is ~0 only 
when E,/,<£E; . The operator F is subjected to the condition 


(3) FF = 0. 


A chain [, such that F(T) =0, is a p-cycle. Owing to (3), any 
F(Cy4:1) is a T,. The difference (factor) group G,={T,} 
— | F(Cy41)} is the pth homology group of K over G. 

If we replace everywhere E; by —E;, the relations just writ- 
ten remain true provided that all the incidence-numbers [|__| 
involving E,' are changed in sign. We agree that under these 
conditions K has not been changed, its cell EZ, having merely 
been reoriented. 

Dualization. Consider a new aggregate K*= {E? } , where 
E?<—>E; is a (1-1) correspondence. We assume: (a) dim E? 
= —dim = —p; (b) E? < when and only when Ej <E;; 
(c) [E?*:E? ]=(—1)? [Ef:E£j4]. It is a simple matter to 
verify that the resulting operator F for K* satisfies (3); hence 
K* is also a complex, the dual of K. 

The changes in sign indicated under (c), which are convenient 
for some purposes, may be eliminated by reorienting the cells 
Ej, p even. Therefore the relation between K and K* is in fact 
symmetrical, and in particular K**=K. This symmetry lies at 
the root of all the duality properties in topology.t 

There subsist between the homology groups G, of K and G? 
(for the dimension —p) of K* the duality relations of the 
Poincaré or Pontrjagin types according to the choices of co- 
efficient-groups. Thus if the coefficients are: integers for K, real 
numbers mod 1 for K*, the groups G, and G? are one another’s 
character-groups. 


+ Some recent authors (Alexander, Kolmogoroff, Whitney) bring in this 
dualism by referring the properties of K* back to K, through the transforma- 
tion E?—E;. As a consequence the operator F of K* gives rise to a dual 
boundary operator F* for K, with dim F*(C)=dim C-+1. The choice of pro- 
cedure is largely a matter of taste. 
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3. Simplicial Complexes. The elements of a simplicial com- 
plex are the simplexes. An (abstract) p-simplex a, is any finite 
collection of p+1 elements or vertices ao, --~- , @p; its faces are 
the proper subcollections of the set. o@ is oriented by assigning 
an order to its vertices modulo an even permutation. A closed 
(abstract) simplicial complex is a collection K = {o} such that 
o € K implies that every face of o € K. The incidence-numbers 
are determined by [aa:o]=1, under which (3) is verified. 

A very suggestive description of K and its dual may be given 
in terms of a certain algebra Y&{. To define it we introduce new 
symbols a;?!\', az", +1, —1, 0 and shall assume that all the 
symbols a other than 0, +1 obey the following rules of combina- 
tion: 


aa’ = — aa, = 1; 
airs — (hence = 1); 
if neither a product a --- a’ nor its inverse is made up of the 


vertices of ag € K, it is to be set equal to zero. 

The symbols a~'', a!" play the role of left and right in- 
verses. Usually only the former shall be considered and I shall 
merely write a“ for a—!:'. The only monomials that may occur are 
then of one of the types, +o=+a---b, to 
The products of any two of the monomials are obtained in the 
customary formal way and always give rise to monomials of one 
of the two types or to +1, 0. The associative law holds between 
products of o’s or of a~’s alone, but not between products in- 
volving both types. Thus (a7 
=a™', It follows in particular from these rules of combination 
that (c-! - - - b-'a—")(ab - - - c) =1. For this reason we designate 
the first factor by (a b- - - c)~'. This is again a left-handed in- 
verse, the exponent —1 taking here also the place of —1, /. 

Each oriented o of K determines a unique monomial product 
of positive powers which we shall likewise denote by o. The 
p-chains over a group of coefficients & are the forms of degree 
p with coefficients in @. They are members of a ring ® (non- 
commutative and non-associative) whose elements are the 
polynomials in the base elements of %, with coefficients in G. 

In terms of the inverse symbols, we have 


(4) F(o,) = for p>O; F(a) =0. 


— 
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Hence 
(5) F(C,) = for p>O; F(Co) =0. 


The direct verification of (3) is immediate. 

Notice that if LZ is a closed subcomplex of K, and we consider 
only cells of K—L, setting all others equal to zero, the condi- 
tions for a complex are still verified. K—L is a so-called open 
complex. 

It is quite natural at this juncture to introduce the product 
o;' as an abstract (—p)-cell, the inverse of o,, and adopt 
the following rules: (a) ¢>'<o7' when and only when a,<a,; 
(b) the boundary operator is as before 


(6) = (> for every p. 


The verification of (3) is again immediate; hence K—!= {o-! } 
is a complex. The incidence relations and numbers show that 
it is isomorphic with K*. In the future we may therefore re- 
place the dual elements by inverses and K* by K-.f 

Augmented Complex. In certain applications it may be more 
convenient to define dim o as equal to the number of vertices 
of ¢. This may be done formally by considering 1 as a vertex 
of every a, that is, by considering o as being in effect 10. The 
boundary relations are then chosen as 


(7) F(C) = Doaz'-C; F(x) = 0, 


for every C. This is tantamount to the old rule wherein it took 
two points to make a zero-cycle, one being insufficient, whereas 
under our initial scheme every F(a) =0. Under these assump- 
tions we shall call K an augmented complex (see Tucker, loc. 
cst., p. 14). 

Remark. Let R be a Hausdorff space and (do, - - - , d,) a finite 
covering of # by open sets. The intersection diagram of the 
sets in the sense of Alexandroff is a simplicial complex K with 
the a’s as vertices, the rule being that a;, - - - a;, € K whenever 
the sets indicated have an intersection 0. The incidences in K 
correspond to the inclusions >. Let us now designate by a;! the 


Tf Quotients of the positive symbols have been utilized by M. H. A. New- 
man (Cambridge Philosophical Transactions, vol. 27 (1931), pp. 491-504), in 
the treatment of combinatorial intersections. 
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closed set #—a;. The aggregate {az"} is merely any aggregate 
of non-intersecting closed sets. To | [a;~0 there corresponds now 
I] (R—az") or ¥R. It follows that the elements of the 
dual K~ represent the mutual inclusions of the sums with < 
corresponding this time to c. This gives a noteworthy geomet- 
rical interpretation for the duals of simplicial complexes. It may 
be pursued still further, in the construction of the projection- 
spectra, and leads to a natural interpretation for the opposite 
types of homomorphisms (inverse and direct) associated with 
the ordinary and the dual cycles of ®. 


II. SPHERES 


4. Duality. The duality properties of complexes and sets 
(duality theorem of Alexander and its extensions) are intimately 
connected with the topological properties of the complementary 
regions of their topological images in euclidean spaces or 
spheres. We may therefore expect to find a good approach 
to these questions in a “combinatorial” immersion of a given 
abstract complex into abstract spheres. This requires that we 
begin with a consideration of the latter. 

The simplest abstract n-sphere H, is the sum of the proper 
faces of a We shall designate its dual by 

The complex H, is the most elementary combinatorial n- 
manifold M,. Owing to its simplicity we may take full advan- 
tage of the known theory of manifolds, f which is moreover easily 
developed for this special case. As in the general theory, the 
first step is to take the barycentric subdivision H, of H,, and to 
relate duality to H,’. The complex H,’ will have a single 
new vertex associated with each a;,---a;,, and denoted by 
(io - - 

We verify that the simplexes ¢,°_, =¢5'¢,4: have the mutual 
incidences of the duals o;*. It follows that the aggregate 
{o5¢n41} =H,° is a complex isomorphic with the dual of Hy. 
Notice that g,°_, is uniquely determined by the condition 
06 = (—1)? 


On the other hand if we consider for ¢,=a;, - - - ai, the sum 
oi_, of the (n—p)-simplexes of with vertices (i9--- 
j-+-+k), we find that it is isomorphic with a barycentric sub- 


{ See Chapter III of my Colloquium Lectures, Topology, New York, 1930 
(hereafter referred to merely as Topology). 
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division of type ¢,°_». Therefore ¢,, is essentially an (n—p)- 
simplex.= We shall agree to orient its component (—p)-sim- 
plexes (of H,’) concordantly with the subdivision of o,°_,, and 
thus oriented we denote it by (¢,)* or o*. The aggregate {o*} 
is another isomorph of the dual of H,, and it is this new complex 
which shall be designated temporarily by H,*. 

Geometric Realization. The combination H,, H,* is very simi- 
lar to the well known configuration of a pair of regular tetra- 
hedra symmetrical with respect to their common centroid. A 
more convenient but closely related geometric configuration is 
obtained as follows. Choose a geometric simplex @,41 in a eu- 
clidean space S,41, call G its centroid, and @, - - - the images in 
n+: 0f the abstract elements a, - - - . The linear spaces joining G 
with the faces of &,,; decompose the boundary H/, into the ele- 
ments of H,’. Let P, P’ be the intersections with H, of any line 
through G. Through the radial transformation p: P—P’, the 
simplexes of (€>'!-Gn,41)’ go into those of (¢,)*. The latter is 
therefore an (n—>p)-cell transverse to G, and intersecting it in 
its centroid. These facts follow at once from the expressions of 
the simplexes of ¢>'’ and (@,)*. We observe also that the spaces 
¢, &* are actually orthogonal, so that here both duality and 
“algebraic” orthogonality correspond to geometric orthogonal- 
ity. 

The geometric transformation p determines a simplicial trans- 
formation p: hence also characterized 
by permuting the vertices of H,’ associated with o, and 05 'on41. 


5. Chain-Products. Generally speaking we shall understand 
by chain-product a chain-function COD of two chains C, D 
with the following properties: 


PosTULATE I. COD is a bilinear function of C and D; 
PosTULATE II. dim (COD) =dim C+dim D; 
PosTULATE III. F(COD) = F(C)OD+(—1)4i™ © CO F(D). 


The following noteworthy instances justify the definition.{ 


{ I am indebted for this remark and also for suggesting the radial trans- 
formation jp below to one of my students, Mr. Shaun Wylie. 

t The three types (a), (b), (c) of Topology were unified by Tucker into a 
single w-multiplication, differing only from the above in that the power of 
(—1) was w+dim C, with a different w in each case. 
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(a) Intersections of chains. Let C* denote the result of replac- 
ing in C every a by its dual o*. We have developed (loc. cit.) 
a complete combinatorial theory for the intersections of chains 
D and C*, written D-C*. Then our postulates are fulfilled with 
C*OD=D.-C*. 

(b) Euclidean-products. This operation on two complexes is 
the abstract equivalent of the topological or euclidean product 
of their geometric realizations and plays an essential role in 
problems of fixed points (Topology, Chapter VI). 

(c) Joins of two simplicial complexes. Let K= {a}, K’={a'} 
be two augmented complexes. Their join KK’ is the augmented 
complex {oo’}. If C, D are chains of K, K’, CD is a definite 
chain of KK’, which as a function of both satisfies our three 
postulates. 

(d) The products of Cech and Whitney.{ They are reducible to 
intersections combined with certain piece-wise simplicial trans- 
formations. We are back to H,, and adopt a fixed order for its 
vertices. We agree also that in any expression a;0;- - - dx, ¢, 
(i, j,:--, k),---, the indices are always to be taken in 
ascending order. 

Now there is a simplicial transformation +: H,’ -H,, defined 


by (i, 7, - - - , When the vertices in oa are consecutive 
beginning with do we readily verify 
(8) t(oa)* = 


Consider now a product cao’, where the vertices are also con- 
secutive beginning with ado and let © denote the intersection 
operation of (a). We verify: 


(9) 1((ca)* © aao’) = ao’, 
(10) t[(ao’)* © r(ca)*] = 


{ The earlier product of Alexander-Kolmogoroff must be mentioned here. 
See notably Alexander, Annals of Mathematics, (2), vol. 37 (1936), pp. 698- 
708; Cech, ibid., pp. 681-697. The connection of these recent products with my 
intersection theory has just been carried out by Wylie by a scheme analogous 
to the one utilized below. It explains why they are so numerous and how they 
are interrelated. The Alexander-Kolmogoroff ring based on these products is 
identical with the ring obtained by Gordon (Annals of Mathematics, (2), vol. 
37 (1936), pp. 519-525) on the basis of our topological intersection theory as 
proved by Freudenthal in a forthcoming paper in the Annals of Mathematics. 
Since writing the above, I have found that the methods and results of Freu- 
denthal and Wylie are substantially similar. 
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If the indices of cao’ are not consecutive but merely in increas- 
ing order, we again obtain (9) and (10) provided that 7 is re- 
placed by the analogous operation obtained when the order of 
the indices is: first those of cao’, then the rest, in increasing 
order in each case. Finally in all other cases but those consid- 
ered the operations performed at the left in (9) and (10) give 
zero for result. 

We introduce now a new operation ® defined in the following 
cases 


(11) (ca)-! aac’ = ao’, 
(12) (ca)! (ao’)! 


whenever the factors in gag’ are in increasing order, while 
otherwise 


(13) 


The products C’=C-'@D, and C’’-!'=C-!@D~ are defined 
for all C and D by imposing Postulate I. The other two are 
readily verified. 

The coefficients of the chains which are multiplied must be 
such that the operations indicated have meaning: namely mem- 
bers of a unique ring, or two additive groups between which 
multiplication is defined, and so forth. 

Kronecker-Index. The intersection o-o* is a single vertex of 
H,! taken +1 times if o* is the dual of ¢, =0 otherwise. The 
exact coefficient, +1, 0, is called the Kronecker-index of o and 
o*, and designated by (¢-a*). From there we derive (C,-C,*) by 
the additive property. The actual intersection is a zero-chain, 
and the index is the sum of its coefficients. 

If we designate by (C C’) the constant term in the formal 
(algebraic) product of C and C’, then 


(14) (a-(0’)*) = 
(15) = *). 


(cao’)“', 


Therefore the non-vanishing of the formal product (15) is a 
sufficient condition that C, C’ have common p-simplexes. 

6. A pplication to Simplicial Complexes. We return to our sim- 
plicial complex K with its vertices do, - - - , ay. We increase them 
by , arbitrary, and construct as before. The 
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cells o*,o¢ € K, constitute this time a sub-complex of H,*, and 
it is this complex which we denote by K*. As for the abstract 
dual of K, we designate it by K—!. We find by direct verification 
that if we preserve everywhere merely the cells of K, K*, and 
apply our operations only to these, then all the results obtained 
so far continue to hold. Thus in (9) we must have gao’ € K, . 
and in (10), we write zero at the right whenever cao’ does not 
belong to K. The different abstract products of §5 will be de- 
fined as before with F as the proper operator for K and K*, and 
for all multiplications to which it has been applied. We deduce 
directly from §5, Postulate III, that all chain-products have the 
following common properties: 

A. The product of two cycles is a cycle; 

B. If one of the factor cycles in a product of two cycles is a 
boundary-cycle so is the product. 

Property B implies also that the homology class of the prod- 
uct of two cycles is uniquely determined by those of the factors. 
This is the basic property in the proof of the topological invari- 
ance or of the invariance under subdivision of intersection- 
cycles. It may of course be utilized for the same purpose for the 
other multiplications. 

Manifolds. Manifolds may be fitted readily into our scheme. 
Roughly speaking if we wish to characterize K as a p-manifold, 
we merely need to require that if o € K, and Sf(c) is its star, 
then =¢ is a p-circuit mod K — St(a) (Topology, Chap- 
ter III). It will follow that the intersections ¢-¢7% determine 
(p—gq)-chains which are related to the a,’s like the duals. On 
the other hand they may also serve to determine the Betti 
groups and the like, and there follow the usual duality theorems 
for manifolds (Topology, Chapter III). 

Geometric Realization. The notations being as in §4, we find 
by means of the symbolic expressions of the cells, that the sim- 
plexes of K* make up the H,/-neighborhood of K. If ® is the 
boundary of the neighborhood then the cycles of K* are those 
of this neighborhood mod ®. Their homology relations and the 
like are those of K mod H,—K. This confirms our assertion 
that the dual complex is tied up with those immersion proper- 
ties of K in any n-sphere which are independent of n. The topo- 
logical invariants of K* (Betti groups and their invariants) are 
thus found to be topological properties of the complementary 
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domains of H,,—K, depending solely upon the topology of K, 
but not upon n. The simplest of these invariant properties is 
Alexander’s duality theorem for the Betti numbers of K and 
of H, —K. If we introduce orthogonal groups of coefficients we 
have the corresponding extensions for the Betti groups due to 
Pontrjagin. 


III. CORRESPONDENCES AND TRANSFORMATIONS 


7. Product Complexes. Let A, B be two complexes and T, U 
two transformations A—B. What elements if any are trans- 
formed alike by T and U? This is essentially the problem of the 
coincidences. We have given coincidence and fixed point formu- 
las for geometric complexes and certain abstract spaces (To- 
pology Chapters VI, VII), and Tucker (loc. cit.) has completely 
treated the abstract complex. We shall consider the simplicial 
case only, where, owing to the negative dimensions, the treat- 
ment may be made particularly simple. 

Let then A, B be two finite closed simplicial complexes and 
let a;, 6; be their vertices. We augment both A and B so that the 
dimension of any simplex is equal to the number of its vertices. 

Let % and % be the algebras of the type of §3 corresponding 
to A, B, and let a;, 8; be the monomials of A&A, B describing the 
simplexes of A, B. We shall denote by a‘ the left-inverse of a; 
and by # the right-inverse of 8;, so that 


(16) aia; = B,6i = 1, (i not summed). 


The elements a‘, 8’ are those of the duals A“, B-!. 

We now introduce a new algebra AB, composed of A, B, 
whose base terms are a;$/, a‘8;, +1, 0, the monomials indicated 
being zero unless each factor #0. We verify under the circum- 
stances that the aggregates 


(17) AB = {a Bi}, {aiB;} 


treated as if all the factors were simplexes, are dual to one an- 
another with a;,6’, a‘8; as corresponding dual elements. f 


{ Our procedure may be made more “geometric” by completing A, B to 
spheres H,,’, H,.°, with on%,1, as their simplexes, then taking the simplexes 
{ of the join H*H’. It may be observed that the chief 
advantage of our treatment of these questions over Tucker’s is that practically 
no computations are necessary to show that various cell-aggregates encoun- 
tered are complexes. 
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As a rule when we have a combination such as af’, it shall be 
understood that dim a;= —dim f’, and dim a; shall be denoted 
by p. 

8. Correspondences. By a correspondence ©,’ between A and 
B- over a coefficient-ring G, is meant an aggregate of triples 


C2: Bi, af}, xf EG. 
The numbers x may be thought of as weights with which the 


couples are taken. 
determines the chain of A B-!: 


(18) Ce = 

and also a dual correspondence between A~! and B: 
Ce: fat, 6,24}, 24 = xf, 

whose representative chain in A~!B: 

(19) Cy = xia'B;, 


is dual to (18) except for possible change in sign. Notice that if 
Xp, £, denote the matrices of the coefficients x, # for dim a;=), 
then #,=x,. 

Let D,° be a second correspondence with D, y in place of C, x. 
We inquire whether ©,? and 9,” possess coincident couples, that 
is, whether some (a;, € and also We shall then say 
that there is a coincidence of ©, and D,°. A necessary and suffi- 
cient condition for such an occurrence is that 


(20) (— 1)?xf = ~ 0, (7, 7 unsummed). 
A sufficient condition for the occurrence of some coincidence is, 
from (5), that 

(21) —0 = (C2D#) 0, 

where (CD) represents the numerical term in this product, or 
the Kronecker-index of the chains. 9 is the algebraic number of 
coincidences. By actual computation 

(22) = (— = (— 1)? trace 


We might obviously assume that the coefficients x, y belong re- 
spectively to groups G, G’ between which a distributive multi- 
plication is defined (for example, G, G’ are character groups of 
one another). 


| 
| 
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It is clear that the present result could only be of use in to- 
pology whenever 9 is expressible in topologically invariant 
terms. Since the only known chains with topological character 
are cycles, we are led to the following very natural assump- 
tion. 


AssuMPTION I. The representative chains C,°, D,* are both cy- 
cles (Topology, Chapter VI). 


It is also expedient to add another assumption. 
AssumPTION II. The ring © is the field of all rational numbers. 


Now the bases a, 6 for the chains of A and B- have been 
chosen “orthogonal” throughout, in the sense that 


= = (the Kronecker 6). 


If we impose contragredient transformations upon the bases our 
results will be left formally unchanged. 

Under the circumstances, if we introduce suitable canonical 
bases with the non-bounding cycles duly isolated, the only terms 
left in the expressions of the chains C, D will be products of such 
cycles. Returning now to the non-augmented complexes, with 
dimensions counted in the usual way, if X,/, Y;*, denote the co- 
efficients in the transformation of the independent cycles, and 
their matrices are denoted by X,, Y», we shall have 


(23) © = >> (— 1)” trace . 


9. Transformations. A transformation 7,,: A—B over @ isa 
collection of homomorphisms between chain-groups determined 
by relations 


xJB;; x eG; dim dim B;. 
It determines a dual transformation 7? and two dual corre- 
spondences ©,°, 


(ai, Cy: (ai, B;; 


Let U,, be a second T with 9, y in place of ©, x. A coincidence 
of T., and is a couple (a;, 8;) such that wa; and also 
«U.a;. They correspond to the coincidences of ©,’ and D,°. 


| 
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Hence 00 is also a sufficient condition for the existence of some 
coincidence of 7, and U.. The matrices x,, yp are now the 
transformation matrices for the p-cells, and X,, Y,, those for 
the p-cycles. Here also restrictions are necessary. Now it follows 
from Assumption I that if a, 8 are cycles, then C,°8 and aD,* are 
both cycles. In order that this hold, we find that the following 
assumption is a necessary and sufficient condition. 


AssuMPTION I’. T., and U® are permutable with the boundary 
operator F. 


This is Tucker’s equivalent of our earlier Assumption I. 

Suppose now that 7, U are transformations of A into itself. 
We introduce another copy B of A, replace T, U by transforma- 
tions A—>B, and then apply our formulas. In particular, if U=1, 
we have y,=1, Y,=1, and hence 


(24) = — (— 1)? trace x, = >> (— 1)” trace X?. 


The equality between the sums in (22), (23) is a so-called 
generalized Euler-Poincaré relation in the sense of Hopf and 
Tucker. When 7 =U=1 it reduces in fact to the ordinary 
Euler-Poincaré relation. 


10. Coincidences and Fixed Points of Transformations of Geo- 
metric Complexes. In formulas (23) and (24) one may readily 
recognize the abstract equivalent of (23), (28), (29) of Topology, 
Chapter VI, our early coincidence and fixed point formulas for 
geometric manifolds and complexes. Let us show how the pres- 
ent algebraic procedure is related to our former more topological 
method. 

Let A be a closed simplicial complex, and Ao a topological 
image of A in a space S,. If {y>'} is a base for its rational 
p-cycles and C,_,a cycle of S, mod S,—Ao, the relations 


= (x; rational) , 


uniquely determine a homology class for C,_». The aggregate 
of all these classes for all the possible choices of Ao, S,, is the 
rational (— p)-dual cycle y? determined by the numbers x;. We 
write y?~0 when every x;=0 and set (y,‘-y”) =x;. These dual 
cycles (called pseudocycles in our earlier work), form an addi- 
tive abelian group. Dual cycles and groups are thus introduced 
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directly without passing through the medium of the chains, by 
means of their “orthogonality” to the absolute cycles. 

Suppose now that we have two geometric complexes A, B 
undergoing two transformations 7, U into one another. By a 
coincidence of the two is meant a couple of points xe A,yE B, 
such that ye Tx,y€ Ux. Does there exist an invariant analogous 
to @ such that when it is ~0 there is at least one coincidence? 

Let us identify A, B or subdivisions of them with geometric 
complexes which are subcomplexes of two euclidean regions 0,°, 
2,” subdivided into simplexes of diameter <e assigned. Let 
Na, Ni be the 22, 2? neighborhoods of A, B. Let us designate by 
a;:, B; and a‘, B* the p-cycles and (—)-dual cycles of A, B. We 
assume them represented by obvious simplicial cycles. 

Let Sz, be the product of the spaces of A and B. The chains 
a'XB6; and a;X’ characterize two dual types of cycles of 
Sen—A XB, which we shall call T, A. Let us suppose that T, U 
may be extended to transformations T, U: N.—N», having the 
following properties: 

(a) the transformations A—B which they determine are 
T, U; (b) the coincidences of T, U are the same as those of 
T, U; (c) the sets in S2, which describe T, U coincide with two 
singular relative cycles I’, A, of Sz, mod S2,—A XB, respectively 
expressible (in the sense of homology) in terms of the cycles of 
types a; XB’ and a‘ X8;. Under the circumstances the Kronecker- 
index (I’-A) is a suitable invariant 0. For ('-A)+0 implies that 
I, A intersect, hence that 7, U have a coincidence and by (b) 
this must hold regarding 7, U. In fact if we express I’, A respec- 
tively in terms of the cycles, a‘; and a;X’, and apply my 
intersection theory (Topology, Chapter IV), we obtain precisely 
(23). 

The simplest case is where T is a continuous single-valued 
transformation (=c.s.v.t.). We then choose Na, N; normal (Top- 
ology, p. 91). That is to say, for example, through every point 
P of N.—A there passes a unique projecting segment with end- 
points Q on A and R on the boundary of N.. We then choose T 
such that 7-QR=T-Q. It turns out that T has for image in So, a 
I’. We choose for U a transformation such that U~' is of the type 
of a c.s.v.t. and extend it to a U in a similar manner with the 
roles of A, B interchanged. The image of U is then a A. 

Special case. B is a copy of A, Uis AB corresponding to the 
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identical transformation A—A. Then U may be chosen of 
type A, and the number (I-A) obtained is precisely (24). 

Let us recall in concluding that the same formulas hold for 
transformations of compact metric HLC spaces. They are spaces 
endowed with a strong type of local connectedness in the sense 
of homology, analogous to that possessed by the so-called abso- 
lute neighborhood retracts. f 


PRINCETON UNIVERSITY 


CIRCLES IN WHICH | F(x)| HAS A SINGULARITY 
OR ASSUMES PREASSIGNED VALUES 


BY J. W. CELL 


Let k be a given positive integer and let a) and 4,0 be two 
_ given constants. Let F;(x) be any member whatever of the class 
C; of functions which are regular in the neighborhood of the 
origin and which there have the expansion 


Fy (x) = do + agx® + 
where dp and a; are the two given constants. 

THEOREM 1. Let (ao, a1) =0 if |ao| =1. In case |ao| <1, 
let n(ao, a1)={1—|ao|?}/|a:|, and if |ao| >1, let n(ao, a1) = 
{2| ao log | do /|a:. Then in or on the circle |x| =n(do, a1), either 
F,(x) has a singularity or | F\(x) | assumes the value one. Moreover, 
no smaller radius will do for the whole class of functions C,. 


COROLLARY. 7(do, 1) = | ai | n(@o, 1). 


Proor. If | ao| = 1, the theorem is granted, so we shall hence- 
forth suppose that this is not the case. If a9=re‘*, (r20), we 
define E(x) =e-‘*F\(x). Then | E(x)| =| Fi(x)| and hence we 
may, with no loss of generality in the proof, suppose that dp is 
real and non-negative. 


CASE 1. 0 Sa <1. There exists a positive number 7 such that 
for | x| <n, F,(x) is regular and | Fi(x)| <1. Now form 


Fi(x) — ao 
— aoF + 1 
{t See Duke Mathematical Journal, vol. 2 (1936), pp. 435-442. 


(1) G(x) = 


= 
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This transformation maps | Fi(x)| <1 upon |G(x)| <1 and 
| F:(x)| =1 upon | G(x)| =1. Hence when | x| <7, G(x) is regular 
and | G(x)| <1. We expand G(x) in a power series which con- 
verges for |x| <7 and obtain 
a,x 

(2) G(x) = ———__+ ::-. 

ay” 
We apply Cauchy’s inequality for the first derivative and obtain 

To show that 7(d@o, a1) cannot be less than this amount and 
hence that the equality sign must persist if this is to be true for 
every member of the class C;, subject to the condition 0 <a) <1, 
it is sufficient to exhibit a particular member of C,; which is 
regular for |x| <(1—a¢)/|a:| and which in this circle is less 
than one in absolute value. To this end we define a particular 
function G(x) by the first term of the series (2) and thence a 
particular function Fi(x) by the inverse of (1). This resulting 
function F;(x) is easily shown to have the requisite properties. 

Let S be the region consisting of the interior and boundary 
of the circle | x| = 7(do, a;). To complete the proof of the theorem 
for this case we must show that if F,(x) is regular throughout S, 
then | F,(x)| must assume the value one at least once in S. To 
that end we suppose that F(x) is regular throughout S and that 
| Fi(x)| is not equal to one at any point of S. Then, since 
| F,(0)| <1, we would have | F,(x)| <1 at every point of S. It 
would follow that |G(x)| <1 at every point of S. But by 
Cauchy’s inequality, 


ax | G(x 
| 
n(do, 
or by using the series (2), 
1 max | G(x) | 
n(do, 41) (do, 41) 


Hence max | G(x)| >1, which is a contradiction. Thus either 
F,(x) is not regular at every point of S, or else | F(x) | = 1. at 
some point of S. Now there exist members of the class C, which 
are regular for all values of x in S and hence the contradiction 
shows, since | F,(0) | <1, that | F,(x)| =1 at some point of S. 
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CASE 2. 1<do. If 1 <do, there exists a positive number 7 such 
that for |x| <n, Fi(x) is regular and | Fi(x)| >1. We write 


log F,(x) — 1 


Let the region in the F, plane consisting of the exterior and 
boundary of the unit circle with center at the origin be the re- 
gion R. If we use the principal determination for log F,(x), this 
transformation maps R on a circular arc triangle with vertices 
on the unit circle in the -K plane and in such a way that the 
boundary of R (the circumference of the unit circle and the 
point at ©) maps upon part of the circumference of the unit- 
circle in the K plane and the remainder of R upon the interior 
of this circle. The map for a general determination of the loga- 
rithm is a similar circular arc triangle with the same properties 
as to the image of the boundary of R and of its interior. More- 
over, these circular arc triangles fill up, without overlapping, the 
interior of the unit circle in the K plane. 

If we agree to use the principal determination for log F(x), 
then for |x| <n, K(x) is regular and | K(x)| <1. Then K(x) has 


the power series expansion K(x) =ao+aix+ --- , where 
log ad) — 1 2a; 
log a9 + 1 ao(log ado + 1)? 


We may apply the results of our former case to K(x). We form 
(1 and obtain (2a, log ao)/|a| , which is 7(do, a1) for 
this second case. 

We replace ao by | ao| in our results and thus obtain the theo- 
rem as stated. 


THEOREM 2. Let B40 be a positive real number and let 
(do, a1, B) =n (ao/B, a1/B). Then in or on the circle | x| = (do, a1, B) 
either F(x) has a singularity or else | F,(x) | assumes the value B. 


We define L(x) =Fi(x)/8 and apply Theorem 1 to L(x) to 
prove this theorem. 


THEOREM 3. Let n(do, ax, k) = { n(ao, ax) } vk Then in or on the 
circle |x| =n(do, ay, k), etther F;(x) has a singularity or else 
| F.(x) | assumes the value one. 
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The proof of this theorem follows the same method as the 
proof of Theorem 1 with the exception that we now use 
Cauchy’s inequality for the kth derivative instead of for the 
first derivative. 


THEOREM 4. Let 0(ao, a1) =0 if ao=0 or if |ao| =1. Otherwise 
let @(ao, a1) =| log |ao|}/a:|. Then in or on the circle 
| x-| =6(do, a), either has a singularity or else | F(x) | as- 
sumes the value zero or the value one. 


We may, in the proof, suppose that do is positive and that 
If 0<ao<1, we write 


log Fi(x) + 1 


G(x) = ’ 
(2) log Fi(x) — 1 


and if 
log Fi(x) — 1 


H(x) =— 
log F;(x) + 1 


In both cases the resulting function, for x interior to or on the 
boundary of an appropriate circle, is less thai one in absolute 
value. We may then apply the result of the first case of Theorem 
1 to complete the proof. 

It is clear that theorems similar to 2 and 3 may be established 
as generalizations of Theorem 4. We remark that the existence 
of the various radii in these theorems is implied by the Picard- 
Landau theorems.* 


Nort CAROLINA STATE COLLEGE 


*See E. Landau, Darstellung und Begriindung einiger neuer Ergebnisse der 
Funktionentheorie, 1929. 
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GENERALIZED CONVEX FUNCTIONS 
BY E. F. BECKENBACH 


1. Introduction. We shall be concerned in this paper with real 
finite functions f(x) defined in an interval a<x<b. A function 
f(x) is said to be convex* in (a, b) provided, for an arbitrary 
subinterval (x1, x2) interior to (a, b), the curve y=f(x) lies no- 
where above the line segment joining its end points; that is, pro- 
vided, for arbitrary x, x2, x, with a<x,<x<x2<b, 


f(x) F(x), 


where F(x) is the function of the form 
Fi,(x) = ax + 8B 
satisfying 
F y2(%1) f(*), F 12(%2) = f(%2). 


Several generalizations of the notion of a convex function to 
other classes of functions of one variable have found their way 
into the literature.t In what follows we discuss the notions 
which seem to underlie these classes of functions. 

Let F(x; a, 8) be a (two-parameter) family of real finite func- 
tions defined for a<x<b and satisfying the following condi- 
tions: 

(1) each F(x; a, B) is a continuous function of x; 

(2) there is a unique member of the family which, at arbi- 
trary %1, %2 satisfying a<x,<x2<b, takes on arbitrary values 

For example, such a simple F(x; a, 8) as x?+ax+6 is not in- 


* J. L. W. V. Jensen, Sur les fonctions convexes et les inégalités entreles valeurs 
moyennes, Acta Mathematica, vol. 30 (1906), pp. 175-193. 

{7 See E. Phragmén and E. Lindeléf, Sur une extension d'un principe 
classique del’analyse, Acta Mathematica, vol. 31 (1908), pp. 381-406; G. Pélya, 
Untersuchungen iiber Liicken und Singularitéten von Potenzreihen, Mathe- 
matische Zeitschrift, vol. 29 (1929), pp. 549-640; B. Jessen, Uber die Verall- 
gemeinerungen des arithmetischen Mittels, Acta Szeged, vol. 5 (1931), pp. 108- 
116; G. Valiron, Fonctions convexes et fonctions entiéres, Bulletin de la Société 
Mathématique de France, vol. 60 (1932), pp. 278-287. 


— 
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cluded in any of the above mentioned generalizations. Other ex- 
amples are ax+6; Ax*+Bx?+ax+ 6, where A and B are fixed 
constants; ae**+e-*?, where p is a fixed constant; and, with 
b—akr/p, asin px+ cos px. Still another example of the fam- 
ily F(x; a, B) is the set of images of all non-vertical straight lines, 
under a one-to-one continuous transformation of the domain 
a<x <b of the plane into itself in such a way that every vertical 
line is transformed into itself. 

Members of the above family shall be denoted simply by 
F(x), not F(x; a, 8), individual members being distinguished by 
subscripts. In particular, F;;(x) shall denote the member satis- 
fying 


= f(x), Fi(xi) = f(%)), (a < < 4; <5). 
DEFINITION 1. The function f(x) shall be called a sub- F(x; a, B) 
function, or simply a sub-F(x) function, provided 
(3) f(x) S Fi2(x) 
for all x1, x2, x, with a<xyj<x<x2<b. 
DEFINITION 2. Super-F(x) functions are defined exactly as are 


sub-F(x) functions, excepting that the sign of inequality is re- 
versed; the analysis is the same, mutatis mutandis. 


2. The Family F(x; a, 8). We shall prove the following theo- 
rem. 


THEOREM 1. Let a<xo<b, and let F,(x), F(x) be two mem- 
bers of the family satisfying (1) and (2) such that 


(4) F,( x9) = F (xo) 
(5) F(x) # F,(x), (a<x<b); 


then F(x)>F,(x) for all x in (a, b) on one side of xo, while 
F(x) <F,(x) for all x in (a, b) on the other side of xo. 


Proor. By (2), (4), and (5), F,(x) #F.(x), (a<x<b), except 
at x9; consequently, by (1), on either side of xo, one of F,(x), 
F,(x) is greater than the other. Suppose it could be the same one, 
say F,(x), which is greater on each side; we shall show this is 
impossible. 

Let and consider F,(x), determined by 


= 
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F(x) = F(x), F (x2) = F,(x2). 


Then F,(x2) < F,(xe), so that F,(x) < F(x), (x1<x<b); in par- 
ticular, 


(6) F (x9) < F.(x0). 
Similarly, 
(7) F (Xo) > 


Now (6) and (7) contradict (4), establishing the theorem. 


1. If a<x1<x2<b, and if < F(x), F(x) 
<F,(x2), then F,(x) <F,(x) for but if F,(x1) < F,(x1), 
F,(x2) > F,(x2), then F(x) < F,(x) for a<x and F,(x) > F,(x) 
for <b. 


THEOREM 2. Let the points (xn, Yn), ,¥x), (n=0,1,2,---), 
satisfy <b, and 


lim Yn) = (xo, Yo); lim Yn = (xo, yo), 


2 


and let F,,(x) be determined by 


(8) F,(x,) = ) Ya; 
then 
(9) lim F,(x) = Fo(x), (a <x <5), 


uniformly in any closed subinterval of a<x <b. 


PRooF. For a given and for an arbitrary in (a, with 
EA~xo, , let the functions F,(x), - - - , F,(x) be determined 
by 


(10) F,(xo) = Fo(%o), (11) F,(#) = Fo(%) +, 
(12) Faq(xo) = Fo(xo), (13) F4(#) = Fo(#) — «, 
(14) = Fp(xo), (15) = Fp(%) + € = Fo(%) + 2c, 
(16) F.(x¢) = F,(xe), (17) F.(£) = F,(#) — = Fo(#) — 2e. 
Let 6 denote the least of the four (minimum) distances from the 


curves y = F,(x) and y = F,(x) to the points (xo, yo) and (x¢, y¢ ). 
It is easily verified, by Theorem 1 and (10)-(17), that 6>0. Let 


2 
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(18) = min (6, |  — #o|, |  — x¢ |); 


then 6*>0. 
Now let 9 =%(#) be so large that 


{ (xn — x0)? + (yn — yo)?} 1/2 < 


(19) 

{ (ae — x6)? + (yl — < (mS 
We shall prove that 
(20) | Fn(#) — Fo(#)| < (n = no). 


Three cases arise, as follows. 


CASE 1. x9 <%<<x¢ . In this case, by (10),(11),and Theorem 1, 
F,(x¢ ) > Fo(x¢ ); consequently, by (10), (14), (15), and Theorem 
1, F,(x0)>Fo(xo), >Fo(xd). Similarly, F,(xo) < Fo(xo), 
F,(x¢ ) < Fo(x¢ ). By (1) and (19), then, for 

< Yn = < 
< yn = F,(x!) < FAzs), 


whence it follows from Corollary 1 that 


(21, A) F(x) < F,(x) < F,(x), (x, <<a = 
In particular, 
(22) F,(%) < F,(%) < F,(%), (n = Mp). 


Now (20) follows from (15), (17) and (22). 

CASE 2. x¢ <#<b. The above analysis gives this time 

F (x0) < Fo(xo) < F,(%o), F > Fo(xo) > F,(x0), 
and therefore, for n= 1p, 
F,(,) > Yn = Fa(Xn) > Fr( Xn), 
< =F )' < 

whence it follows from Corollary 1 that 
(21, B) F(x) < F,(x) < F,(x), (n = 
In particular, (22), and therefore (20), hold in this case. 


CASE 3.a<#<xXo. The same analysis gives now 


= 
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F,(%o) > Fo(%o) > < Fo(xe) < Fixe), 
and therefore, for =n, 
< yn = Fa(%n) < 
F > yn = Falta) > 
whence 
(21, C) F,(x) < F,(x) < F,(x), (a < < = NM), 


so that again (22) and (20) hold. 

For each x in (a, b), except for xo, x¢ , (9) follows from (20). 
Let x:, x/, with x,<x/, be any other two points in (a, b). Then 
the sequences 


(23) (x4, F,(x/)), (n = 2, 3, 
satisfy, by the above analysis, 


lim (41, = Fo(x:)), 


n— 2 


lim (x; F,(x¢ )) = Fo(x/)). 


n— 2 


(24) 


Now since (24) holds, the above analysis can be applied to the 
sequences (23), giving (20) this time for ##x,, #=x/ , in particu- 
lar for =x) and for =x¢ . Therefore (20) and (9) hold through- 
out (a, 
In each of the above three cases, by (1), there is an interval 
£—n <x where =n(#)>0, in which 
F,(x) > F.(#)—e¢, F(x) <FA(#) +6, | Fo(x) — Fo(2)| <e, 
and therefore, by (15), (17), and (21, A, B, C), in which 
F,(«) — Fo(x)| < 4e, 
(25) | Fn(x) — Fo(x)| < 4e 
(4 — (4) < < n(%); n(Z)). 


The same discussion holds, according to the preceding para- 
graph, for intervals about xo, x¢. Then (25) holds for arbitrary 
&, with a<£<b, whence the uniformity of (9) for any closed 
subinterval of a<x <b follows from a simple application of the 
familiar Heine-Borel Theorem. 


Coro.uary 2. Any subset of the family F(x; a, B) is compact, 
provided the ordinates are bounded for two distinct abscissas. 


= 
= 
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Proor. One readily sets up sequences satisfying the condi- 

tions of Theorem 2. 

3. Some Properties of Sub-F(x; a, 8) Functions. 


THEOREM 3. If f(x) ts a sub-F(x) function, then for any x1, Xe, 
with a<x,<x2<b, the inequality f(x) = F\2(x) holds fora<x<x, 
and for x2<x <b. 


Proor. Fix x3, with x2<x3;<b. Since 
= = f(ai), Fia(%2) 2 Fia(%2) = f(x2), 
it follows from Theorem 1 that 
f(%s) = Fis(xs) 2 Fis(xs). 
A similar proof holds for a<x3<4%. 


THEOREM 4. If f(x) is a sub-F(x) function, and tf, for some 
X1, Xe, X3, with 


(26) f(%3) => Fj2(x3), 
then f(x)=Fi2(x), (x1 S x2). 


ProoF. By (2) and (26), 


(27) Fio(x) = Fi3(x) = F(x); 

consequently, by Theorem 3 and (27), 

(28) Fyo(x) = Fi3(x) S f(x), (x3 x <b), 
(29) = F32(x) S f(x), (a< 2S &). 


But according to (3), 
(30) 2 f(x), S S 
The theorem follows from inequalities (28), (29), and (30). 


THEOREM 5. If f(x) ts a sub-F(x) function, and if a<x3S%1<X2 
<x,<b, then 


(31) F34(x) 2 Fi2(x), (x3 x 


IIA 


X4). 
Proor. By Theorem 3, 


F3s(%3) = 2 Fio(xs), F34(x4) = f(xs) 2 44), 


= 
E 
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whence, by Theorem 1 and its corollary, (31) follows. Inciden- 
tally, by (2) and Theorem 1, the sign of equality in (31) holds 
nowhere in x3 <x x4, except at most at one of the end points, 
unless it holds identically. 


THEOREM 6. If f(x) ts a sub-F (x) function, then f(x) 1s continu- 
ous. 


ProoF. We shall show that f(x) is continuous at an arbitrary 
Xo, with a<xo<b. Let a<x1<x9<x2<b. Then, by Definition 1 
and Theorem 3, for 


F19(xo h) f(%o h) = F2( xo h) 
F + h) = + h) S Fo2(xo + h). 
Let h-—0; the theorem follows from (1). 


REMARK. Though a convex function necessarily possesses a de- 
rivative almost everywhere, not all sub-F(x) functions possess this 
property. 


Proor. Let $(x) be a nowhere differentiable function; the 
family 


F(x; a, B) = (x) +ax+B 


satisfies conditions (1) and (2). Now any particular member of 
this family is itself a sub-F(x) function, but is nowhere differ- 
entiable. 


4. Characterization of Sub-F(x; a, B) Functions. 


THEOREM 7. A necessary and sufficient condition that a con- 
tinuous function f(x) be a sub-F(x) function ts that for all xo, with 
a<xo<b, and for all 5>0, there exist a positive h=h(xo, 6) <6, 
with 


(32) 
such that 
(33) f(*o) F 12(%o). 


Necessity. If f(x) is a sub-F(x) function, then for all # such 
that (32) is satisfied, (33) holds as a special case of (3). 
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SUFFICIENCY. If f(x) is not a sub-F(x) function, then by (3) 

there exist x3, X4, Xs, with a<x3<x;<x4<b, such that 

(34) f(%s) > Faa(xs). 


By (34) and the continuity of f(x) and of F34(x), there exist 
Xe, With such that 


(35) f(x) 2 Fs(x), S x S x2), 


the sign of equality holding at the end points but not elsewhere; 
then F3,(x)= F(x), so that (35) can be written as 


(36) f(x) > F(x), (x, < < %). 
Fix xs, with a<xg<4%, and let F;(x) satisfy 
Fy (x6) = Fie(xe), = Fin(x2) +h=f(x2) +h; 
in particular, 
(37) Fo(x) = Fi2(x). 


Let & increase continuously from k=0; then, for any x><¢ in 
(a, b), by Theorems 1 and 2, F;(x) increases continuously. Fur- 
ther, it is easy to show, by Theorem 1 and the Heine-Borel 
Theorem, that for k sufficiently large, 


(38) f(x) < F.(x), (4, S %). 
By (36), (37), and (38), there is some largest ko>O for which 
f(x) = Fi,(x) 
has a solution in x; Sx <x». Let x7 be the largest value for which 
(39) - f(41) = F;,(x2), S x7 S 4%). 


Since kyo >0, we have 

Suppose (33) could be satisfied at x; for the above function 
f(x), which is not a sub-F(x) function, and for some arbitrarily 
small positive h; we shall obtain a contradiction. Let h, with 
<Xg =X7—h <X2, be a value for which (33) is satis- 
fied: 


(40) f(%7) Fyo(x7). 
By the choice of ko, 


— 
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Fo(xs) = f(xs) S Fx,(xs), 
Fg9(x9) = f(%9) < Fe,(x9), 
so that, by Theorem 1 and its corollary, 
F(x) < F;,(x), (xg < x < 5); 
in particular, 
(41) Fg9(%7) < F:,(x7). 
Now (41) contradicts (39) and (40). 


Tue RIcE INSTITUTE 


SUFFICIENT CONDITIONS FOR A NON-REGULAR 
PROBLEM IN THE CALCULUS OF VARIATIONS* 


G. M. EWING 


1. Introduction. Given J = f73f(x, y, y’)dx, it is well known that 
a minimizing curve satisfies the necessary conditions of Euler, 
Weierstrass, and Legendre, which we shall designate as I, II, 
and III,f respectively. If further, f,,-(x, y, y’) #0 on the mini- 
mizing curve, the Jacobi condition IV is necessary, while the 
stronger set of conditions I, II, III’, and IV’f are sufficient 
for a strong relative minimum. 

The purpose of this study is to obtain a set of sufficient con- 
ditions for a curve without corners along which fy, may have 
zeros. Since the classical theory gives only the necessary condi- 
tions I, II, and III, we wish to obtain a Jacobi condition; and 
with this in view, introduce the integral 


f o(x, y, y’)dx, o(x, = f(x, 9) + Rly’ — e’(x)]?, 


by means of which we find a necessary condition that we shall 
call IV;. Suitably strengthened, this becomes IV, and the 
set of conditions I, IIs, IIIs, and IVj, are found sufficient for 
an improper strong relative minimum. 


* Presented to the Society, November 27, 1936. 
7 G. A. Bliss, Calculus of Variations, 1925, pp. 130-132. 
t Bliss, loc. cit., pp. 134-135. 


= 
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It appears likely that analogous results can be obtained for 
other problems in the Calculus of Variations and I hope to dis- 
cuss some of these at a later time. 


2. A Jacobi Necessary Condition. If E: y=e(x) furnishes at 
least an improper strong relative minimum for J, it furnishes 
a proper strong relative minimum for L. Furthermore, if E mini- 
mizes J it satisfies III for J. This implies that it satisfies III’ 
for L, since $y y =fyy+2k?; and the classical treatment then 
shows that it must satisfy IV for L. 

If E satisfies IV (or IV’) for every L, we shall say that it 
satisfies the condition IV, (or IV;, respectively) for J. Clearly 
IV is necessary. We now show that the same is true of IV;. 

We write the parameter in L in the form k? = (a?+a)/2, a0, 
a> -—a?’, and consider the Jacobi differential equations* 


(1) qu’ + ru’ + su =0, 
(2) 


for J and L, where q=fyy'[x, e(x), e’(x) ]=0 in the closed inter- 
val [x:, x2] from III, and r and s are other known functions of x. 
Since g may vanish in [x1, x2], the usual existence theorems can 
not be applied to (1). They do apply to (2), however, the general 
solution of which for a=0 is u=c,u;(x)+ceue(x), where the u’s 
constitute a fundamental system and are of class C’’f in [xy, xe]. 
A(x, 1) = + F u1(x1)u2(x) is a particular solution van- 
ishing at x=x,. By hypothesis, E: y=e(x) is a minimizing 
curve satisfying IV, so that, by proper choice of signs, A(x, x;) 
is positive in the interval x; <x <x. 

For every admissible a (that is, a> —a?) there exists a solu- 
tion A(x, x1, a) of (2) vanishing at x =x, and such that A’(x;, x1, a) 
=A’(x1, x1), where A’’(x, x1, aw) is continuous in x and of class 
C’ina.f 

We next study the related equation 


(3) (q + a*)u” + ru’ + su = — aA’ (x, x, a), 


* Oskar Bolza, Vorlesungen iiber Variationsrechnung, 1933, p. 60. 

+ That is, they have continuous second derivatives. Bolza, loc. cit., p. 14. 

t Replace (2) by the system u’=v and (¢+a?+a)v’+rv+su=0, and apply 
the existence theorem given by Boiza, loc. cit., p. 187. 
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whose general solution can, by the method of variation of 
parameters, be expressed in the form 

(4) = + Cote(x) + aA(x, a), 

where 


dx 
A(x, a) = (a) f (x, 
z, (q+ *)D(x) 


= A(x, 
f 
(q + a*)D(x) 


u(x) 
ui (x) ug (x) 


A(x, x1, a), as a particular solution of (3), can be represented in 
the form (4); and, since it vanishes for x =x, we obtain 


(5) A(x, %1, a) = AA(x, %1) + aA(x, a), 


D(x) = | ~ 0 in the closed interval [x1, x2].* 


where in general \ is a function of a. Clearly \(0) =1. 
E satisfies IV, by hypothesis. If it fails to satisfy IV’ for the 
L corresponding to a=0, we have 


A(x2, %1, 0) = A(O)A(x2, 41) = A(xe, x1) = 0, 
while, if a second a#0 has the same property, we have 

A(xe, X1, a) = A(a)A( x2, + = aA(%2, a) = 0. 
This requires 


(6) A(%s, = 0. 


But 
71 A’ (x, x1, a)A(x, x 
A(x, a) -{ x2) 
+ a?)D(x) 


A(z, Xe) 
= Ar (a; v1, a)dx 
(¢ + a*)D(%) J 
A(#, x2) [A’(x1, x1, — A’( x2, «1, a) | 
(¢ + a?)D(z) 
(a1 < < = q(2)), 


* Bolza, loc. cit., p. 


~ | 
wn | 


| 
| 
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where A(x, x2) is written for u2(x2)u:(x) — (x2) u2(x). This frac- 
tion can not vanish, the first factor in the numerator being dif- 
ferent from zero by IVz, the second factor being the difference 
between two terms of opposite sign. Thus (6) is false; and there 
is at most one L, namely the one for which a=0, for which E 
fails to satisfy IV’. 

If A(xe, x1, 0) =0, we have A(x2, x1, a) =a@A (x2, a) from (5). 
Furthermore A(x2, x;, «) must then have a minimum of zero for 
a=0;* so that its derivative, which is A (x2, 0), must vanish. 
This is a special case of (6), which has been proved to be false, 
so that IV; isa necessary condition. 


3. Sufficient Conditions for a Minimum for L. We assume an 
arc E: y=e(x) satisfying the necessary conditions I, II, III, 
and IV/’ for J. If II is strengthened to II,, we can show that 
this arc satisfies the classical sufficient conditions for L. 

Comparing the Euler equations, we see that if E satisfies I 
for J it does the same for L. The Z-functionsf for the two prob- 
lems are related by the equation 


y, = E;(z, 9, 7, Y) + — 


so that II, for J implies II/ for L. We have seen in §2 that III 
for J implies III’ for Z and the condition IV’ requires IV’ for 
L as a matter of definition. 

Hence £ furnishes a proper strong minimum to L relative toa 
certain (x, y) region R, which in general depends on k.{ 


4. Sufficient Conditions for an Improper Strong Relative Mini- 
mum for J. We must find how to strengthen our conditions so 
as to insure a field§ F which is independent of k. To that end 
we replace III by III, and consider the line A: x=x1, y=nA—Y1, 
together with a slope function P(A)=md-+e’(x,). The extremals 
for L are y=y(x, a, b, a), and the equations 


* A(x», x1, a) >0 for a#0 by IV, and the choice of signs preceding equation 
{3). 

t This is the only direct reference to the E-function. There need be no con- 
fusion with our notation for the curve E: y=e(x). 

t If E satisfies III’ and IV. but not IV’, for J, R reduces to the curve E 
as k approaches zero. 
§ Bliss, loc. cit., pp. 132-33. 
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+ yi — a, b, a) = 0, 
md + e'(x1) — y'(m, a, b, a) = 0, 


define a =a(\, a) =a(y, a), and b=b(A, a) =b(y, a)* for any ad- 
missible a and for every y for which (x1, y) is in the region where 
III, holds. These implicit functions are of at least class C’ in 
their respective variables. We thus have a family of extremals 
of parameter A for each admissible a, 


o(x, r, a) = y[x, a(n, b(A, a), a], 


intersecting A and including E for \=0. We wish this family 
to furnish a field. 

If there exists an x, such that (x, 4, 
—(x, de, w) =0, there is a X, (A1<X<As), such that 


da ob 


r(x, a) = Ya + Yo ay = (0). 


A=) 


This can be expressed in the formt 


nN m 


Ya(x) yo(x) | m | 
Ya (x1) ye (x1) D, Ya(%1) yo(%1) 
%1) yo( x1) 0.4 

ya (%1) ye (x1) 


dD, 


? 


(7) 


i= 


We shall say that E satisfies the condition IVj, if constants 
6>0, 7>0, and A exist such that§ 
Fal x) 


A(x, ) = 


is, in absolute value, greater than 6 in the region x;<x<%2, 
|y—y»:| <n, A2a>-—a?. The first determinant in (7) has a 
finite limit as 2 approaches zero; and hence, if ” is small in ab- 
solute value, IVj, insures that the expression will not vanish 
and that no two extremals of the family pass through the same 


* a, b, 2, and 6 also depend on m and n, which are omitted in the notation. 
t ya(x), are written for ya[x, a(A, a), b(A,@),a],---. 

t The method used by Boiza, loc. cit., pp. 73-75, shows that D, #0. 

§ are written for ya[x, d(y, a), b(y, aa], - 
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point. This condition also requires ¢ to be strictly monotone in \ 
for a given x and a, so that an extremal of the family passes 
through each point of a certain region F about E. The region F 
is a field and is independent of k (that is, of a).* 

Finally, if E satisfies I, and IVj,,, we have L(E) 
<L(C) for every C¥E in F. But 


L(C) = J(C) +e, e>0, lim e = 0. 
Furthermore L(Z)=J(E), so that J(Z) <J(C)+e, and finally 
J(E) J(C). 


5. Applications. The line y=0 is an extremal for a problem 
involving any one of the following integrands: 


f = M(x, y) + N(x, y)9’, M,=N:, 
y+ 


f= 


Our sufficient conditions for an improper minimum are met by 
y =0 in each case, but III’ is not met for any of them. 


THE UNIVERSITY OF MIssovuRI 


* Condition IV‘z, could be replaced by the following. There exist constants 
n>0, £>0, and A such that E satisfies III for xoSxSx2, x»x=x,—£ and such 
that A(x, xo, y, a) for xo=x1—£, x0<x ly—y| <n, AZa>-—a?. See 


Bolza, loc. cit., bottom p. 103. 
¢ An example given by Bolza, loc. cit., p. 35. 


f 
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A NOTE ON YOUNG-STIELTJES INTEGRALS* 
BY F. G. DRESSEL 


THEOREM 1. If f(x) is bounded and measurable Borel, and 
g(x), ge(x) are of bounded variation, then the following equality 
holds: 


1 1 
f f + 0)dga(x) 
(1) 0 0 ; 
£2 - 0 d 1 


Proor. In a recent article Evans} showed that if gi(x) and 
go(x) have no common points of discontinuity, then 


f = + f 


Therefore (1) holds if either g:(x) or ge(x) are continuous. It re- 
mains to show that the theorem holds when g;(x) and ge(x) are 
both step functions. Under these circumstances we have 


1 1 
f + + f 
0 0 


Dd + 0) [ge(a; + 0) — go(a; — 0)] 
+ flai)ge(a: — 0) [gi(ai + 0) — — 0) | 
= > + 0) go(a; + 0) gi(a; = 0) go(a; = 0) 


= f f(x)d[gi(x)go(x) J, 


where the summations are taken over all the discontinuities of 
gi(x) and ge(x). 

The following lemmas are immediate applications of equa- 
tion (1). 


* Presented to the Society, November 30, 1935. 
+ G. C. Evans, Correction and addition to “Complements of potential theory,” 
American Journal of Mathematics, vol. 57 (1935), pp. 623-626. 
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Lemma 1. If f(x) is positive, bounded, and Borel measurable, 
and g(x), go(x) are monotone increasing, bounded, continuous on 
the left, then 


f 


+ f 


Lemna 2. If in Lemma 1 the gi(x) and ge(x) are monotone de- 
creasing functions continuous on the right, the inequality sign in 
(2) ts reversed. 


W. C. Randels* used Lemma 1 in proving the existence of a 
solution of 


f(x) = m(x) + y). 
0 
In essentially the same manner, by making use of Lemma 2, we 


may prove the following theorem. 


THEOREM 2. If g(x) is of bounded variation and if (a) K(x, y) 
is Borel measurable in y for every x, (b) K(x+0, y)=K(x, y), 
(c) K(x, x) =0, (d) | K(x1, y) —K (xe, y) | < | — T (x2) | , where 
the function T(x) 1s bounded and non-decreasing with x, then 


(3) = g(2) "K(x, y)df(y) 
0 


has a unique solution of bounded variation. 


DvuKE UNIVERSITY 


* W. C. Randels, On Volterra-Stieltjes integral equations, Duke Mathemati- 
cal Journal, vol. 1 (1935), pp. 538-542. 


(2) 
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BRANCH-POINT MANIFOLDS ASSOCIATED WITH 
A LINEAR SYSTEM OF PRIMALS* 


BY T. R. HOLLCROFT 


1. Introduction. Linear ©“ systems of primals in S, have been 
treatedt only for a=1, 2. The properties of a linear system are 
obtained from the characteristics of the jacobian and of the 
branch-point manifold associated with the system. There are, 
at present, no means for deriving most of the characteristics of 
a singular primal or manifold in S,, especially for r>4. 

In this paper, a theorem is developed giving a set of charac- 
teristics of the branch-point manifolds of the system and its 
sub-systems. This is a step, not only toward the characterization 
of a general linear system in S,, but also toward the study of 
singular manifolds which contain both nodal and cuspidal mani- 
folds. 


2. Definitions and Basic Considerations. In S,, the linear »* 
system, F,, of primals is defined by the equation 


(1) > afi = 0, (¢=1,2,---,r+1), 


in which the f; are general algebraic functions of order m in the 
r+1 homogeneous variables x;. Then f;=0 is the equation of a 
primal of order » without singularities in S,. 

The primals of F, in the r-space (x) are in (1, 1) correspond- 
ence with the primes diay; =0, (¢=1, 2,---, r+1), of an r- 
space (y). This correspondence is defined by the equations 


= (¢ = 1,2,---,r+1). 


* Presented to the Society, September 12, 1935. 

¢ T. R. Hollcroft, Pencils of hypersurfaces, American Journal of Mathe- 
matics, vol. 53 (1931), pp. 929-936; Nets of manifolds in i dimensions, Annali di 
Matematica, (4), vol. 5 (1927-28), pp. 261-267. 

t These terms will be used: mode, a double point of a manifold at which the 
quadric hypercone is entirely general; nodal manifold of a manifold f, a mani- 
fold for every point of which (except points on pinch and singular loci) the two 
tangent linear manifolds to f are distinct; cuspidal manifold of f, a manifold 
for all points of which the two tangent linear manifolds to f coincide; cone to 
mean hypercone for r>3. 


— 
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To a point P of (y), considered as bearing *—! primes, cor- 
responds n’ points of (x). These m” points are the basis points 
of the 7! linear system of primals F,_; in which the primals 
are in (1, 1) correspondence with the primes in (y) through P. 
Since (y) contains ©’ points, F, contains ©’ linear systems F,_1. 

In the general case, to an S; of (y), (e Sr—1), considered as 
bearing «*—-*~! primes, corresponds in (x) the basis manifold M;, 
(of dimension k and order n’—*) of an ©7-*~! linear system of 
primals F,_,_; in which the primals are in (1, 1) correspondence 
with the primes of (y) through S;. Since (y) contains 2 (+)@-») 
linear manifolds S;, the system F, contains © “+)(-*) linear 
systems F,_;-1. 

The jacobian J of the linear system F; is a primal of order 
(r+1)(n—1). It is the locus of double points and contacts of 
primals of F,. The jacobian J also contains the jacobian mani- 
folds of all the linear systems of primals contained in F, such 
that the jacobians of the systems F,_,; form a (k+1)(r—R)- 
parameter linear system of manifolds on J. Likewise J contains 
the singularities of higher order and contacts of higher order of 
primals of F, and of all linear systems of primals contained in F,. 
The jacobian J has no actual singularities, only apparent singu- 
lar manifolds. 

The (1, 1) correspondence between the primals of F, and the 
primes of (y) establishes a (1, 2”) involution between the points 
of (y) and (x), and J is the locus of coincidences of this involu- 
tion. The image of J in (y) is the branch-point primal L, the 
locus of points such that all primals of each associated F,_; have 
contact with a line at a point on J. The ~*~! contacts generate J. 

L is also the envelope of primes of (y) which correspond to 
primals of F, that have a node. To the points of contact of 
primes with Z correspond uniquely the nodes, which lie on J. 

The order po of L is the number of points in which J and r—1 
primals of F, intersect, that is, wo=(r+1)(m—1)n7—. 

The classes of LZ are defized as follows: 


1, the order of the tangent cone to L from a point; 
pe, the order of the tangent cone to L from a line; 


Mey1, the order of the tangent cone to L from an S;; 


Hy_1, the number of tangent primes to LZ from an S,_2. 
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3. A Theorem Defining Branch-Point Manifolds of the F,—x-1. 
The primals of an F,_,_1 of F, of (x) are in (1, 1) correspondence 
with the primes of S,4_1, a sub-space of (y). This establishes a 
(1, 1) correspondence between the points of S,_,_; and the basis 
manifolds M;_, of the (r—k—2)-parameter linear systems of 
primals contained in F,,1. The locus of points of S,,_; for 
which all of the primals of the associated (r—k —2)-parameter 
linear systems have contact at one point with a line is the 
branch-point manifold L,_,_2 (primal of S,_._1) and the locus of 
contacts in (x) is the jacobian manifold J,_;_2. 

As shown in §2, the primals of an (r—#—1)-parameter linear 
system of primals belonging to F, in (x) are in (1, 1) correspond- 
ence with the primes of (y) through an S;. The (k+1)st class 
of L, uy, is the order of the tangent cone enveloped by primes 
through S; tangent to L. To each such tangent prime corre- 
sponds a primal of F,_,_, and of F, with a node. 

Consider any given S,_,_1 of (y). S,_,_1 intersects each of the 
primes through S; in an S,_,-2, which is a prime of S,41. The 
primals of F,,_1 are in (1, 1) correspondence with these primes 
of (y)] of 

Since the order of the tangent cone to L from Sy, is uz41, the 
section of this tangent cone by S,_x-1 is a manifold V,_:_2 of 
dimension r—k—2 and order ps1. This manifold V,_,_2 is the 
envelope of the primes of S,_,1 which are sections by S,_,_1 of 
the primes of (y) through S; tangent to L. Therefore the primes 
in S,4-1 enveloping V,_,_2 are in (1, 1) correspondence with the 
primals of F,.-1 which have a node. But, as previously shown, 
the (1, 1) correspondence between the primals of F,_,_1 and the 
primes of S,_;_, establish an involution in which the branch- 
point manifold L,_,-2 of S,-x-1 is defined as the envelope of 
primes of S,_,_; which correspond uniquely to primals of F,_x-1 
that have a node. Therefore, in S,_x_1, 


= Vy-4-2. 
This identity establishes the following theorem.* 


The section by an S,_%-1 of the tangent cone from an S, to L, 
where L is the branch-point primal in the r-space (y) associated 


* This theorem has been established for three dimensions. See T. R. 
Hollcroft, The general web of algebraic surfaces of order n and the involution de- 
fined by it, Transactions of this Society, vol. 35 (1933), p. 859. 
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with an r-parameter linear system of primals F, of an r-space (x), 
is the branch-point manifold L,_x-2 of S,;-%-1 associated with a lin- 
ear (r—k—1)-parameter system of primals F,_,_1 belonging to F,. 


The order pz+1 of L,_._2 is also the order of the contour mani- 
folds on L of the tangent cones from an S;. These contour mani- 
folds, of dimension r—k—2, form a linear system on L and are 
the respective images of the jacobian manifolds of the F, 4-1 
contained in F,. These jacobian manifolds form a linear system 
on J of the same respective dimension as the associated linear 
system of contour manifolds on L. Its contour manifold, 
L,-x-2, and its associated jacobian manifold are all in (1,1) 
correspondence. 


4. Relations Resulting from the Theorem. By the above theo- 
rem, the (k+1)st class ux4: of L is the order of the branch-point 
manifold L,_4-2 associated with an F,_,_; belonging to F,. 

In the (1, m’-*-!) involution associated with F,_,_;, the con- 
dition for a point to lie on L,_,_2 is that the primals of F,4-1 
have a common tangent S;;2 at a common point. The condition 
that r—k—1 primals have a common tangent S;42 at a common 
point is the tact-invariant of this system of primals. The order 
of this tact-invariant is* 


1 
(r+ 1)r(r—1)(r—2) - - - (r—k)(n—1) 
(k+2)! ) ) ) )( ) 


This is, therefore, the order of L,_,-2 and the value of uz41, the 
(k+1)st class of L. 

The order po of L results from the above formula for k= —1, 
that is, the order yo is the tact-invariant of r primals of F,. The 
final class of L, u,-1=(r+1)(n—1)’, is the order of the discrimi- 
nant of a primal of F, and is not a tact-invariant, since it in- 
volves only one primal. The value of u,_1, however, is also given 
by the above formula for k=r—2. 

The class u,_2 of L is the order of the tangent cone to L from 
an S,_3. This is also the order of the branch-point curve L; asso- 
ciated with a net of primals of F,. The complete set of charac- 


* T. R. Hollcroft, Tact-invariants of primals in S,, Journal of the London 
Mathematical Society, vol. 11 (1936), p. 24. 
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teristics of Li is given in a former paper.* These are also the 
characteristics of a tangent cone (surface) to L from an S,_3. 
The characteristics of LZ, and therefore of the tangent cone to L 
from an S,_, have been foundt for » =2, but not for a general n. 

Since the final classt of a section of L made by an Sy42 is 
M41, the above value of ux+1 gives the final classes of all sections 
of L by a linear manifold as well as the orders of all tangent 
cones to L from a linear manifold. The order of the section of L 
by any linear manifold is po. 

In general, Z in (y) has both a nodal and a cuspidal manifold, 
each of dimension r—2, and these manifolds are themselves 
singular. For a linear system of dimension r in S,1, however, 
L has only a nodal manifold of dimension r—2, containing a 
pinch manifold of dimension r—3. 


WELLs COLLEGE 


* T. R. Hollcroft, Nets of manifolds in i dimensions, loc. cit. 

1 T. R. Hollcroft, The web of quadric hypersurfaces in r dimensions, this 
Bulletin, vol. 41 (1935), pp. 97-103. 

t By final class of an S42 section of L is meant the number of S;_; through 
an arbitrary 5S; (all in S;,2) tangent to L. 
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RALPH HULL 


NOTE ON THE IDEALS OF CYCLIC ALGEBRAS* 
BY RALPH HULL 


1. Introduction. The purpose of this note is the generalization 
of certain results in a recent paper by Latimer on the number of 
ideals of given norm in a generalized quaternion algebra. 

We consider rational cyclic division algebras D of prime de- 
gree n(=2) over the field R of rational numbers. Let 0 be any 
maximal orderf of D. The reduced discriminant of 0 is an in- 
variant A=A(D) of D called the discriminant of D, and is of 
the form A= +a**-», where ¢=q; - - - gs is the product of the 
distinct rational primes q: - - - g; which are ramified§ in D. For 
each such g, the two-sided ideal go is the mth power of an inde- 
composable two-sided prime ideal of 0, and the g-adic extension 
D, is a division algebra of degree of R,. For all other rational 
primes ~, D, is the algebra of all matrices of degree m over R, 
and of is a two-sided prime ideal of 9 having only one-sided ideal 
divisors. 

By a (normal) ideal of D is meant an ideal (one or two-sided) 
with respect to some maximal order of D. Such an ideal is called 
integral if it is contained in its right or left order. We denote 
various maximal orders by 0, 01, 02, - - - , and an ideal a by ai; if 
0, =a0;=a and it is necessary to indicate 0; and 0;. The (re- 
duced) norm of an ideal is an ideal of R such that, for a principal 
ideal ao (or 0a), ain D, N(ao) (or N(0a)) =(N(a)), where N(a) 
is the reduced norm corresponding to the rank equation of de- 
gree n. Our object is to prove the following result. 


THEOREM. Let 0 be any maximal order of D and let A be any 
rational integer. Write A =A,Ao, where Ao is prime to A(D) and 
every prime factor of A, divides A(D). Then the number of integral 


* Presented to the Society, April 9, 1937. 

+ C. G. Latimer, Transactions of this Society, vol. 40 (1936), pp. 439-450. 

t Maximal orders for all D have been given explicitly. See Albert, this 
Bulletin, vol. 40 (1934), pp. 164-176, for n=2, and Hull, Transactions of this 
Society, vol. 38 (1935), pp. 515-530, for n >2. 

§ We refer to Deuring, Algebren, Ergebnisse der Mathematik, Chapter VI, 
for all definitions and theorems used here except when explicit reference else- 
where is given. 
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o-right ideals of norm (A) is equal to the number of classes of right 
associated integral matrices of degree n and determinant A. 


Two integral matrices M, and M2 are said to be right asso- 
ciated* if there is an integral matrix U such that | U| = +1 and 
M2= MU. In case n =2, the number of such classes of matrices 
of given determinant A» is easily seen to be the sum of the di- 
visors} of Ao. 


2. Preliminary Lemmas. We need two lemmas easily obtained 
from the general ideal theory of linear algebras (Deuring, loc. 
cit.). 

Let a=a,41,1 be an integral ideal and let 


(1) N(a)=(A), A=p pi, 
where the #’s are distinct rational primes. 
Lema 1. The ideal a=0,41,1 has a special factorization 


(2) = °° * a integral, N(a ) = pi 
For a giver order p,,--- , pi of the distinct prime divisors of A in 
(1), the special factorization (2) is unique. 


The existence of (2) is implied by the fact that there exists a 
factorization of a into indecomposable ideals in which the order 
of the prime ideals to which the factors belong is arbitrarily as- 
signed (Deuring, p. 106). To prove the uniqueness claimed we 
consider ~-components and apply a theory due to Hasse (Deur- 
ing, pp. 94-107). 

Let p be any rational prime. Then from (2) 


(a)p (a), (a),, 


where (a), denotes the p-component, that is, p-adic limit set 
of a. If (p, A)=1, (a), is a maximal order of D,, and since 
we have (a)p=(0,41)p=(01)p- Similarly (a), 
=(02)p=(01)p, =(03)p = (02) p=(01)p, and so on, and it is 
clear that (a),=(a)», (¢=1,---, 7). If p=pi, (@=1,---,7), 


* MacDuffee, The Theory of Matrices, Ergebnisse der Mathematik, Chapter 
III. 
t See Latimer, loc. cit. 
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we find in a similar way that (a),= --- =(a*”), =(0,41)p 
and (a‘-)),= --- =(a),=(01)», whence (a), =(a)». Hence, 
for every rational prime p, the p-component of each a‘ is 
uniquely determined by a. It follows that each a“ is uniquely 
determined by a since each is determined by the totality of its 
p-components. 


LemMA 2. If pis ramified in D, there is exactly one ideal of D, 
of given norm p’. If p is not ramified in D, the number of right 
ideals of D, with respect to a given maximal order of D,, of given 
norm p”, is the number W(p’) of classes of right associated rational 
integral matrices of degree n and determinant p’. 


For the first part of Lemma 2 we have only to note that every 
ideal of D,, p ramified in D, is a power of the single prime ideal 
of the unique maximal order of D,. The second part is seen as 
follows. A maximal order 0, of D,, p not ramified in D, is of the 
form 0» =) where the c;;, (¢,7=1, - - - , m), are matrix units 
and gq, is the maximal order of R,. Every 0,-right ideal is a prin- 
cipal ideal ao,, where a is of the form (Deuring, loc. cit. p. 101) 


(3) = + + +--+ + t+ + 


where witpe+--- and d;; is uniquely determined 
modulo p*’. The last part of the lemma is obvious from (3). 


3. Proof of the Theorem. Since every integral ideal a of 
norm (A), A as in (1), has the unique special factorization 
(2), we proceed to count the number of possible distinct sets 
a‘), --- , a which yield an a. 

Consider first a“ whose right order is the fixed maximal order 
0:=0, of the theorem. For every rational prime p¥ fi, we have 
=(0),, and for p=f,, is a right ideal with respect 
to (0), of norm Thus is unique for all and, by 
Lemma 2, there are precisely 1 or ¥(p:") possibilities for (a) », 
according as ; is ramified or unramified in D. Hence by an 
argument used in the proof of Lemma 1, there are precisely 1 
or ¥(px") possibilities for the factor a“ in the respective cases. 

Suppose, next, that a“ is fixed and consider a, whose right 
order 02 is uniquely determined by a“, since 02 is the left order 
of a“. The same argument made for a” and 0; applies to a 
and 02, and we can proceed similarly with a®, a®,---, suc- 


| 
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cessively. It is plain that the total number of sets a“, - - - , a 
is []¥(p/*), where j ranges over those of the integers 1,---,r 
for which p; is unramified in D, that is] ](p7*) = Ao. To complete 
the proof of the theorem we have to show that [ ]¥(p7*) =W(Ao). 
This follows from the following lemma. 


Lemma 3. If A=BC, where A, B, C are rational integers such 
that (B, C) =1, then y(A) =p(B)y(C). 


To prove this lemma we apply the methods of §2 to the simple 
algebra S of all rational matrices of degree n. For a given system 
of matrix units c;;, (4, 7=1,--- , ), the set where g 
denotes the set of rational integers, is a maximal order of S. 
Every integral m-right ideal is a principal ideal (MacDuffee, 
loc. cit.) a= M,m, where M, is an integral matrix and the re- 
duced norm of a is (| M, )=(A), say. If also a= Mem, then 
U integral, | U| = +1. Hence is the number of 
integral m-right ideals of norm (A). In S, we have unique 
special factorizations* similar to those of Lemma 1. Hence if 
A =BC, we can count the number of m-right ideals of norm (A) 
by counting the number of right ideals, with respect to certain 
maximal orders of S, of norms (B) and (C). This yields the 
lemma. 


4. Applications of the Theorem. In case the class number h of 
D is one,f our theorem yields interesting results concerning 
representations{ by the norm form associated with a maximal 
order 0 of D. Thus, if h=1, every ideal of D is principal, 
a;;=a0;=0:8, a, B in D. If also, a;;=a’0;, then a’ =au, where 
u is a unit of 0;, and the norm form associated with 0; is univer- 
sal. The number of sets of integral representations§ of A is 
(Ao). The representations of a set are connected by the auto- 
morphs of the form associated with the units of o. 


UNIVERSITY OF MICHIGAN 


* Every rational prime is unramified in S. 

+ M. Eichler, Journal fiir Mathematik, vol. 176 (1937), pp. 192-202, has 
proved general results on the class number of algebras which imply h=1 for 
all D with n>2 and for rational quaternion algebras with real splitting fields. 

t Cf. L. E. Dickson, Algebren und ihre Zahlentheorie, §100. 

§ We must have A >0 for n=2, D definite. In this case, the infinite prime 
spot of R is said to be ramified in D. 


a 


DUNHAM JACKSON [June, 


POLYNOMIAL APPROXIMATION ON A CURVE 
OF THE FOURTH DEGREE* 


BY DUNHAM JACKSON 


1. Introduction. In the study of orthogonal polynomials and 
polynomial approximation, or of the corresponding theory for 
trigonometric sums, a powerful auxiliary is Bernstein’s theorem 
on the derivative of a trigonometric sum or of a polynomial. 
When it is desired to investigate similar problems relating to 
approximation by means of polynomials on a curve in the plane 
of two real variables{ x and y, the question arises whether some- 
thing in the nature of Bernstein’s theorem is available in this 
case also. For some of the simplest curves, such as a line segment 
or a circle, the question is merely one of interpretation, the poly- 
nomials in x and y reducing at once to polynomials or trigono- 
metric sums in terms of the arc length (or a constant multiple 
of it) as parameter. For any curve segment of the form x =¢@(#), 
y=v(t), where $(t) and y(t) are polynomials in ¢, there is an im- 
mediate answer as far as differentiation with respect to ¢ is con- 
cerned; and if |¢’(t)| +|’(#)| is everywhere positive (and so 
has a positive lower bound) on the closed range of values of ¢ 
considered, a derivative with respect to arc length does not ex- 
ceed a constant multiple of the derivative with respect to ¢. This 
paper is concerned with an illustrative case in which the prob- 
lem appears to be not entirely trivial, and yet susceptible of 
simple and elementary treatment. An appropriate form of 
Bernstein’s theorem is obtained, and its application to a prob- 
lem of polynomial approximation is indicated. 

A concluding paragraph relates to the convergence in the 
mean of developments in series of orthogonal polynomials on 
an arbitrary curve. 


2. Bernstein’s Theorem. Let C be the curve 


* Presented to the Society, December 31, 1936. 
t See D. Jackson, Orthogonal polynomials on a plane curve, presently to 
appear in the Duke Mathematical Journal. 
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It can be represented parametrically by the equations 
=| cos 0|1/? sgn cos 6, y =| sin sgn sin 8. 


Let s be the arc length, measured counter-clockwise from the 
point (1, 0). Let P(x, y) be a polynomial of the mth degree in the 
variables x and y together, and let 


| P(x, y)| $L 


at all points of the curve. It is to be shown that 


d 
— <= 
P(x, y) | S AnL 


everywhere on the curve, A being an absolute constant. 
Let 


[P(x, y) +P(—x, y)+P(x, —y)+P(—x, —y)], 
[P(x, y)—P(—x, y)+P(x, —y)—P(—x, —y)], 
v(x, [P(x, y)+P(—x, y)— P(x, —y)—P(—2, —y)], 
[P(x, y)—P(—2, y)—P(x, —y)+P(—x, —y)]. 


Each of these polynomials has L as an upper bound for its ab- 
solute value on C. They are respectively of the form 


a(x, y) = ato(x?, Bi(x, y) = xB o(x?, 

yi(x, ¥) = y’), 51(x, y) = xybe(x*, y*), 
where ae, B2, Y2, 52 are polynomials of degree not exceeding n/2 
and so (for 21) not exceeding n —1, in the two arguments to- 
gether. 

Since a polynomial in x? and y? is a polynomial in | cos 0 | and 
| sin g| and consequently, for 0<@<7/2, a trigonometric sum 
in 6, the expressions a, - - - , 6; can be written as 

a(x, y) = a(@), Bi(x, y) (cos 6)'/2B(6), 
y) = (sin 0)'/*y(8), 5(x, y) = (sin cos 6)'/6(8) 
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for 0<@<7/2, where a(@), - - - , 6(@) are trigonometric sums of 
order not greater (and in general considerably less) than m—1. 
From extensions of Bernstein’s theorem established elsewhere* 
it follows that the absolute value of the derivative of each of 
the last four right-hand members with respect to @ has for 
0<@<72/2 an upper bound of the form 


A 


(sin 6 cos @)!/2 


where A, is an absolute constant; it is to be noted that as re- 
gards the orders of magnitude concerned (sin @)!/?, (cos 0)'/? are 
equivalent to 01/2, (1/2 —6)1/2. 

On passage to the second, third, or fourth quadrant the trigo- 
nometric sums a,---, 6 are modified by substitution of 
—cos @ for cos 0, or of —sin @ for sin 0, or both, in the poly- 
nomial expressions, but the form of the conclusion is unchanged 
except for the replacement of sin @ and cos @ by their absolute 
values. Since P(x, y) =a1+6:+71+ 6, there is an absolute con- 
stant Ao such that 


| d P(x, 9) E AonL 
dé 


| sin cos 


in all four quadrants. 
For 0<0<7/4, 


ds_ dy cos 6 
> 


Asin ~ (sin 6)!/2 (sin @ cos 


and the relation ds/d#= | dx/d6| leads to the same result for 


— S cos 
ds 
throughout the interval (0, 7/2). The same conclusion, with 


|sin @ cos 6|/? in the right-hand member, holds in the other 
quadrants also. It follows that 


*See D. Jackson, Bernstein’s theorem and trigonometric approximation, 
Transactions of this Society, vol. 40 (1936), pp. 225-251; Theorems 1, 3, 4. 
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d 
— P(x, y) | S 4AqnL 


ds 


everywhere on the curve, in agreement with the assertion that 
was to be proved.* 


3. Convergence. This proposition can be used in connection 
with the theory of closest polynomial approximation on the 
curve C just as the standard form of Bernstein’s theorem is 
used in the theory of approximation by trigonometric sums.t 

For detailed interpretation of the results information is 
needed as to the possibility of representing a given function of 
s on C by means of polynomials in x and y with a specified de- 
gree of accuracy. The discussion here will be restricted to a 
simple case illustrating the accessibility of the question to treat- 
ment. 

Let s be measured counter-clockwise from the point (1, 0), as 
already suggested, let o be the total length of the curve, and 
let f(s) be a continuous function of period o satisfying a Lipschitz 
condition with respect to s. Let a function F(x, y) be defined 
throughout the (x, y)-plane by the specifications that it shall 
vanish at the origin, shall be linear on each ray issuing from the 
origin, and on each of these rays shall coincide in value with f(s) 
at the point where the ray meets the curve. Then F(x, y) satis- 
fies a Lipschitz condition as a function of the two variables. 

(This observation, evident by geometric intuition applied to 
the surface z= F(x, y), may be analyzed as follows. If O is the 
origin, and if P and Q are two points lying on a curve x‘+y‘ 
=constant, subject to the restriction that the magnitude of the 
angle POQ does not exceed 1/2, say, the ratio of the arc PQ to 
the chord PQ does not exceed a constant. Also, the angle PQO 
has a positive lower bound and an upper bound less than 7. Let 
P and R be any two points of the plane for which the magnitude 
of the angle POR is not greater than 7/2. Let Q be the point in 
which the ray OR meets that curve x‘++y*t=constant which 


* Although the proof does not apply in the first instance at the quadrantal 
points where sin @ cos 6=0, the validity of the conclusion at these points fol- 
lows by continuity. 

t See, for example, D. Jackson, Certain problems of closest approximation, 
this Bulletin, vol. 39 (1933), pp. 889-906; Lemmas 1 and 5, Theorems 1, 2, 9, 
and 10. 
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passes through P. In the (rectilinear) triangle PQR, we have 
PQ:PR=sin R:sin Q, QR: PR=sin P:sin Q; as sin Q=sin PQO 
has a positive lower bound, each of the distances PQ, QR is less 
than a constant multiple of PR. The ratio of | F(P) — F(Q)| to 
the length of the arc PQ is the same as for the corresponding 
points on the given curve 1*+*=1, and so does not exceed the 
constant of the Lipschitz condition of the hypothesis. Hence 
| F(P) — F(Q)| is not greater than a constant multiple of the 
chord PQ, and not greater than a constant multiple of PR. 
On the ray OR, where F is a linear function of distance with 
coefficient less than or equal to the corresponding value of 
| f(s) | : F(Q) — F(R)| does not exceed a constant multiple of 
QR, because of the boundedness of f(s), and so is not greater 
than a constant multiple of PR. Therefore | F(P)- F(R)| does 
not exceed a constant multiple of PR. If the angle POR is 
greater than 7/2, | F(P) — F(O)| does not exceed a constant 
multiple of OP, | F(O)- F(R)| does not exceed a constant mul- 
tiple of OR, each of the distances OP, OR is less than PR, and 
| F(P) — F(R)| again does not exceed a constant multiple of 
the distance PR.) 

Consequently* there exist polynomials P,(x, y), of the mth 
degree in x and y, approximating F(x, y) throughout the square 
—isx<1, —1<yX1, say, with maximum error not exceeding 
a constant multiple of 1/n. In particular f(s), to which F(x, y) 
reduces on C, is represented by polynomials of the mth degree 
in x and y with the same upper bound for the magnitude of the 
error. 

Taken in conjunction with the theorem of the first part of 
the paper, by the use of a type of argument referred to above as 
employed elsewhere in the theory of approximation by trigono- 
metric sums, this means that under the hypothesis that has been 
imposed on f(s) if polynomials P,,(x, y) of degree n are determined 
for successive values of n so as to minimize the integral 


f | f(s) — y)|"ds, 
Cc 


* See, for example, D. Jackson, Uber die Genauigkeit der Annéherung 
stetiger Funktionen ..., Dissertation, Gottingen, 1911, pp. 16-17, 88; E. L. 
Mickelson, On the approximate representation of a function of two variables, 
Transactions of this Society, vol. 33 (1931), pp. 759-781, §5. 
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with m>1, the polynomials P,(x, y) will converge uniformly on C 
toward f(s). In particular, for m =2, the expansion of f(s) in series 
of polynomials orthogonal on C, with parameter s and weight func- 
tion 1, will converge uniformly toward f(s). The statements can 
be generalized immediately by introduction of a suitably re- 
stricted weight function in the integral to be minimized. 


4. Convergence in the Mean. As regards the convergence of de- 
velopments in series of orthogonal polynomials, the proof just 
presented suggests an approach to the problem of convergence 
in the mean, not merely for the special curve which has been 
under consideration, but for an arbitrary curve, with an arbi- 
trary parametric representation. Let a curve C (algebraic or 
non-algebraic) be given by a pair of equations x =¢(t), y=y(4), 
where ¢ and y are continuous for 0 <¢<a (or continuous every- 
where and of period a), and no two distinct values of ¢ (or no 
two distinct values in a period) correspond to a single point 
(x, y), and let a corresponding system of orthogonal polynomials 
be constructed as described in the paper to which reference is 
made in the footnote to the opening paragraph above, the 
weight function, for simplicity of statement, being taken as 1. 
If f(t) is any function continuous over the range of ¢, a func- 
tion F(x, y) can be formed* which is continuous in the two vari- 
ables throughout a rectangle containing C, and reduces on C 
to f(t). This F(x, y) can be uniformly approximated throughout 
the rectangle by polynomials in x and y with any degree of ac- 
curacy, and on the curve C in particular f(t) is uniformly ap- 
proximated, and so approximated in the mean, by the same 
polynomials. It follows that any function g(#) which is of class 
L? for 0St<a can be approximated in the mean with index 2 
by polynomials in x and y, and hence by the least-square prop- 
erty that the development of g(t) in series of orthogonal polyno- 
' mials converges in the mean with this index. 


THE UNIVERSITY OF MINNESOTA 


* See Hassler Whitney, Analytic extensions of differentiable functions defined 
in closed sets, Transactions of this Society, vol. 36 (1934), pp. 63-89, p. 63; 
also, for example, D. Jackson, An elementary boundary value problem, this Bul- 
letin, vol. 22 (1915-16), pp. 393-397. 
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GENERAL TENSOR ANALYSIS* 
BY A. D. MICHAL 


1. Introduction. The coordinates of the traditional tensor 
analysis are points in a finite dimensional arithmetic space 
while those of the author’s infinitely dimensional tensor analysis 
are points (functions) in a function space. The purpose of the 
present paper is to present the elements of a general tensor anal- 
ysis that will include as instances the tensor calculi just men- 
tioned. This general point of view has already been instrumental 
in the more elegant and further development of the function 
space instances. 

For a space of coordinates we take a Banach space. The geo- 
metrical objects studied are contravariant vector fields, linear 
connections, multilinear forms and their covariant differentials. 
Non-holonomic geometric objects are not considered here, as I 
intend to pursue their study elsewhere. 


2. Abstract Coordinate Transformations. We consider a Haus- 
dorff} topological space T whose neighborhoods are mapped 
homeomorphically on an open set S of a Banach space E by 
mapping functions called coordinate systems.t If two neighbor- 
hoods intersect we have two mappings of their intersection on 
open subsets S; and S2 of S. This establishes a homeomorphism 
&(x), called a coordinate transformation, that takes an open set 
S, ¢ S into an open set S2 ¢ S. As further restrictions we demand 
that the Fréchet differentials <(x; 6x) and x(#; 6%) of #(x) and 
its inverse x() exist in S; and Se, respectively. Finally, to deal 
with the law of transformation of a linear connection and with 
covariant differentials, we shall assume that the second Fréchet 
differential #(x; 6:x; 62x) exists in S; continuously in x. : 


* Presented to the Society, April 11, 1936. 

+ For the purposes of the present paper alone it is merely necessary to 
postulate that T is a Fréchet neighborhood space and that the coordinate 
systems are reciprocal (1-1) transformations. 

t All the results of the paper continue to hold if we take the coordinate 
systems to be homeomorphisms of Hausdorff neighborhoods onto open subsets 
=C S, where S is a fixed open set in E and is itself a homeomorphic map of 
some Hausdorff neighborhood. 
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Since #(x) and x(#) are mutually inverse, we see that #(x; dx) 
is a solvable linear function* of 6x with x(Z; 5%) as inverse. The 
symmetry of #(x; 51x; 52x) in 6x and 62x follows from a theorem 
proved by Kerner.{ An application of a theorem{ of Michal and 
Elconin on solvable linear functions depending on a parameter 
shows that the second Fréchet differential «(%; 5%; 52%) exists 
and is continuous in # throughout S». On differentiating the evi- 
dent identity £(x; x«(#; 6:#)) = 6:4 we obtain the useful identity 


(1) E(x; + 51%; 52%)) = O. 


The validity of this relation follows on making special use of a 
theorem§ on the fofal differential of a linear function that de- 
pends on a parameter. In the sequel we shall refer to this theo- 
rem as Theorem M. 


3. Covariant Differential of a Contravariant Vector Field and 
the Transformation Law of a Linear Connection. Let Py be any 
chosen point of the Hausdorff space 7. A geometric object whose 
abstract components undergo the transformation £ = #(x(P») ; £) 
will be called a contravariant vector (associated with Po). To 
avoid long circumlocutions we shall say that £ is a contravariant 
vector. Similar abbreviations will be made for the components 
of other geometric objects. That a differential 6x is a contravari- 
ant vector is clear from the evident formulas 


= 6x), bx = 6%). 


A contravariant vector field (c.v.f. for brevity) is a geometric 
object with abstract components. More precisely, to every 
Hausdorff neighborhood with coordinate system x(P) there 
exists a function (called component) £(x) on S to E such that in 
the intersection of two Hausdorff neighborhoods £(#) = #(x; £(x)) 
under a transformation of coordinates «= #(x). 


* A. D. Michal and V. Elconin, Differential properties of abstract trans- 
formation groups with abstract parameters, American Journal of Mathematics, 
vol. 59 (1937), pp. 129-143. 

t M. Kerner, Annals of Mathematics, (2), vol. 34 (1933), pp. 546-572. See 
also A. D. Michal and V. Elconin, Completely integrable differential equations 
in abstract spaces (accepted for publication in the Acta Mathematica). 

t A. D. Michal and V. Elconin, Acta Mathematica, loc. cit. 

§ A. D. Michal, Postulates for a linear connection, Annali di Matematica, 
(1936), pp. 197-220. 


— 
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Let £ and & be two arbitrary contravariant vectors. The ob- 
ject whose components £1, &) and I'(#, £2) are bilinear 
functions of the vectors will be called a linear connection* if, in 
the intersection of two Hausdorff neighborhoods, the compo- 
nents have the law of transformation 


(2) &1, &) = P(x, + &)). 


With the aid of relation (1) we can immediately rewrite (2) in 
the equivalent form 


(3) &) = P(x, £1, — #( x; 1; 


THEOREM 1. Let the bilinear function V(x, £1, &) in the contra- 
variant vectors £1, £ be the component in the x(P) coordinate system 
of an object with components. Then, a necessary and sufficient con- 
dition thatt 


(4) d&(x) + I(x, &(x), dx) 


be the component in the x(P) coordinate system of a contravariant 
vector field for every Fréchet differentiable contravariant vector field 
E(x) is that T(x, &, &) be the component of a linear connection. 


Proor. To prove the necessity of the condition we have by 
hypothesis 
(5) 6&(4) + 5%) = + T(z, 5x). 


But, since £(x) is a differentiable contravariant vector field and 
the second differential #(x; 51x; 52x) exists, it follows that 5&(#) 
exists and is given by 


(6) = &(x; E(x); dx) + OE(x)). 


* Further generalizations are possible. One can consider still another 
Banach space E; and another type of contravariant vector field with com- 
ponent V(x), a function on E to E;, subject to a law of transformation 
V(z)=M(x, V(x)), where M(x, y) is a solvable function of y. The covariant 
differentials of multilinear forms F(x, £1, Vi, V2,+++, Vi) can then 
be developed with the aid of I'(x, =, 6x) and another kind of linear connection 
K(x, V, 6x), a function as EE\E to Ei, whose law of transformation is 


K(z, V, 6#)= M(x, K(x, V, 6x))—M(x, V; 6x). 
¢ We shall often write the Fréchet differential f(x; 5x) as 6;f(x). 


E 
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We thus obtain immediately the law of transformation 


(7) (4, &(#), 6%) = #(x; P(x, &(x), — 2(x; E(x); 5x). 


The sufficiency of the condition follows by a reversal of the 
steps in the obvious manner. 


DEFINITION. If &(x) is a contravariant vector field and T(x, £, 5x) 
is a linear connection, then the contravariant vector field (4) will be 
called the covariant differential of &(x) and will be denoted by 
£(x| dx). 


4. Covariant Differential of Multilinear Forms in Contravari- 
ant Vector Fields. Our treatment of successive covariant differ- 
entials will be made to depend on the results of the following 
fundamental theorem. 


THEOREM 2. Let T(x, & 6x) be a linear connection and 
F(x, &1, &,---, &n) a function with the following properties: 

(i) Fis ac.v.f. valued multilinear form in the n arbitrary con- 
travariant vectors , 


(ii) the partial Fréchet differential F(x, &1, £2, --- , &n; 6x) extsts 
and is continuous in x. 
Then the function F(x, &1, &,---, é,| bx) defined by the equation 

F(x, &1, En| 5x) = F(x, &, » 32) 
t=1 
+ I(x, F(x, £1, £2, En), 5x) 

is ac.v.f. valued multilinear form in - - ,&n,6x. We shall call 
F(x, 5x) the covariant differential of F(x, &n). 


ProoF. We shall give here the details of proof only for the case 
n=1 as the method of proof for the general case differs in no 
essential manner from that of this special case. By hypothesis, 
then, we have 


(9) F(z, = #(x; F(x, &)), 


from which we obtain 


(10) F(a, 6%) = o(x, &; 6x) — F(#, 


= 
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where ¢(x, £) =#(x; F(x, £)). On using = #(x; &), we find 


(11) 6&) = F(#, 5x)). 


Hence (10) immediately reduces to 


(12) 6) = 6x) — F(%, #(x; 6x)). 


From the laws of transformation (3) and (9), we evidently have 


(13) &,6%)) = #(x;F(x, &,6x))) — F(#, 


From (3) we obtain also 


(14) T(z, F(z, = (x; T(x, F(x, — (x; F(x, £);6x). 


With the aid of (12), (13), (14),and a special use of Theorem M 
on Fréchet differentials, we finally obtain the law of trans- 
formation 


(15) 6%) = F(x, x), 


F(x, 6x) = F(x, 6x) + I(x, F(x, 8), 6x) 
wi F(x, r(x, g, 5x)) 


F(z, = F(a, 6z) + F(z, &), 6z) — F(z, é, 62)). 


By the Gateaux limit method of evaluating a Fréchet differ- 
ential and by a theorem of Banach on the limit of a convergent 
sequence of linear functions, it can readily be shown* that 
F(x, £; 6x) is a bilinear function of £ and 6x. Hence the covariant 
differential F(x, £| 6x) is bilinear in £ and 6x. 

Since the covariant differential of a c.v.f. valued multilinear 
form in  contravariant vectors is itself a c.v.f. valued multi- 
linear form in +1 contravariant vectors, we may apply Theo- 
rem 2 repeatedly and obtain higher order covariant differentials 
F(x, 5,x| | 5.x) of the original multilinear form 


F(x, &:,---, &)- 


* A. D. Michal, Annali di Matematica, loc. cit. 


where 
and 
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Let &(x) be a contravariant vector field with a continuous 
second differential £(x; 5:x; 6.x) in x and let the linear connec- 
tion T possess a continuous partial differential T(x, £1, £; 6x) 
in x. If we further assume that the coordinate transformations 
&(x) have continuous third differentials #(x; 5;x; dex; 63x) in x, 
then it can be shown that x(#; 6:4; 52%; 6;£) exists and is con- 
tinuous in ~ and that the above restrictions on £(x) and on the 
linear connection are invariant under such transformations of 
coordinates. If we then make special use of Theorem M, we 
find that 


| — &(x| = B(x, E(x), 61x, 52x) 


(17) — 2&(«| 51x, 52x), 


where B(x, &, 61x, 52x), called the curvature form, is defined by 
B(x, 51%, 52x) I(x, g, 614; 52x) I(x, 62%; 51%) 


18 
+ I(x, I(x, 51), 52x) T(x, I(x, 52x), 51%), 


and where Q(x, 6:x, 52x), called the torsion form, is defined by 
1 
(19) Q(x, 6%, dex) = {T(x, 61%, box) — I(x, 52x, 51x) } 


It follows from (3) and Kerner’s theorem on symmetry of con- 
tinuous second differentials that the torsion form Q(x, 6,x, 52x) 
is a c.v.f. valued bilinear form. Hence with the aid of Theo- 
rem 1, Theorem 2, and (17), we see that the curvature form 
B(x, &, 6:x, 5.x) is a c.v.f. valued trilinear form. We can thus 
form the sequence of covariant differentials of the curvature 
form B(x, &1, &, &3): 


B(x, £1, &2, | 812 | | 6,x), (y = 1,2,---,#). 


In order that this sequence of covariant differentials exist it is 


and its continuity in x. These restrictions will be invariant under 
coordinate transformations if we assume that the coordinate 
transformations #(x) possess a continuous differential of order 
n+3 in x. 

By a slight variation of the method of proof for Theorem 2, 
the following theorem can be proved. 


sufficient to assume the existence of £1, £2; - - 3 
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THEOREM 3. If in the hypotheses of Theorem 2 we replace (i) by 
the following: 
(i’) F is an absolute scalar multilinear form in then arbitrary con- 
travariant vectors &,---, &n, 
then the function F(x, £1, - - , 6x) defined by 


F(x, En | 5x) = F(x, » 6x) 


(20 


is an absolute scalar multilinear form in &,---, &n, 6x. We 
shall then call F(x, &,---, é,| 6x) the covariant differential of 
F(x, &,-- &)- 


The conclusion of this theorem continues to hold if the nu- 
merical valued form F is replaced by a form F with values in a 
Banach space. 


5. The “Stokean” Covariant Differential of Alternating Forms. 
In this section we do not assume the existence of a linear connec- 
tion. It is possible nevertheless to obtain with Fréchet differ- 
entiation an absolute alternating form of one higher order from 
a given absolute alternating form in contravariant vectors. 


THEOREM 4. Let w(x, &,--- , &n) be a function with the follow- 
ing properties: 

(i) w ts an absolute scalar multilinear form in the contravariant 
vectors &,---, &n3 

(ii) w is alternating in &,---, & (that is, completely skew- 
symmetric) ; 

(iii) the second partial differential w(x, &,---, 52x) 
exists and is continuous in x. 
Then under the transformations of coordinates of §3: 

(C;) the function w(x, &,--- , &,: 6x), called the Stokean covari- 
ant differential of w(x, &:,--- , En), defined by 


w(x, é1, £,:6x) w(x, 5x) 


(21) 
i=1 
is an alternating absolute scalar multilinear form in &, +--+ ,&n, 6x; 


(C2) £,261%:522) = 0. 
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It is clear from this theorem that the Cartan-Goursat cal- 
culus of alternating forms* can be developed in Hausdorff 
spaces with Banach coordinates. 

In conclusion we note that Theorem 4 continues to hold if 
the numerically valued form w is replaced by a form w with 
values in a Banach space. 


CALIFORNIA INSTITUTE OF TECHNOLOGY 


ON A THEOREM OF ENGELf 
BY MAX ZORN 


1. Introduction. The theorem of Engel which we intend to 
study in this paper deals with Lie algebras where an identity 
(a(a(a - - - (ab)) - - - ))=0 holds for arbitrary elements a and b. 
Under various assumptions it has been shown that in this case 
all products with sufficiently many factors vanish. 

The latest result in this direction was a proof,t found first by 
van Kampen, which holds for finite Lie algebras over any field 
of characterstic zero. The method is rational, but it involves the 
theory of associative algebras and the theory of traces. Another 
proof of equal generality, with less accent on the theory of 
traces, has recently been sketched by the writer.§ 

The new proof to be offered in the present paper dispenses 
with every apparatus of matrices, traces, and associative sys- 
tems. It does not presuppose any knowledge about Lie systems. 
The material advantage of our direct method is the fact that 
no reference field is required, and that the question of character- 
istics never enters the discussion. 


2. Definitions. DEFINITION 1. A system L of elements a, b, - - - 
is called a Lie ring (with respect to a commutative ring P of 


* E. Goursat, Lecons sur le Probléme de Pfaff, 1922; E. Cartan, Legons sur 
les Invariants Intégraux, 1922; E. Kahler, Einfihrung in die Theorie der 
Systeme von Differentialgleichungen, 1934. 

¢ Substituted for another paper, which was presented to the Society, 
June 18, 1936. See the last footnote on this page. 

t See N. Jacobson, Rational methods in the theory of Lie algebras, Annals of 
Mathematics, vol. 36, p. 875. 

§ See this Bulletin, Abstract 42-7-266. (Erroneously the theorem in ques- 
tion is there attributed to Lie.) 


— 
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scalars p) if addition, a+b, multiplication, ab, and scalar multi- 
plication, ap =pa, are defined such that (i) the addition defines a 
group, (ii) the multiplication is distributive, (iii) scalar multipli- 
cation is both distributive and associative, (iv) aa = 0, which implies 
ab+ba=0, (v) a(bc)+b(ca)+c(ab) =0 (Jacobi’s identity). 


Without loss of generality we assume that P contains +1. 


DEFINITION 2. A subset SCL is a subring tf it is closed under 
the operations of Definition 1. 


DEFINITION 3. The subring generated from the elements 
a,b,--- and the subsets A, B,--- of L is denoted by 


DEFINITION 4. If A; are subsets CL, b an element €L, then 
is the set of all elements a,+d2, where aieA; the set 
of all products aya2; Ab the set of all a,b; Pb the set of all scalar 
multiples pb. 


In this terminology we may announce, for example, the follow- 
ing theorem. 


THEOREM 1. If Sis a subring and if Sb S, then (S,b)=S+ Pb. 


Since multiplication is in general not associative, the position 
of parentheses is relevant. For the particular purposes of this 
paper the following conventions are useful. 


DEFINITION 5. 

a°b = b, a"b = a(a"™—'b) = (a(a( - - - (a(ab))))), 

and correspondingly A B= B, A*B=A(A*"'B), and so forth. 

Because of aa=0, we may very well abandon the usual defi- 
nition of a”, - - - , so that a” alone does not denote an element 
of the ring. 

Addition and multiplication of subsets satisfy the distribu- 
tive law 


(S+ T)(M + N)CSM+SN+ TM +TN. 


Iterated application of this distributivity inclusion yields the 
following result. 


= 
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THEOREM 2. The set (S+T)"L is contained in a sum of products 
of type 


(1) SaTRL, 


where e;>0 for i<k, +> fi=n. 


Jacobi’s identity, which takes now the form abc +bca+cab=0, 
furnishes the following lemma. 


Lemna 1. Jf ST ¢ S,and M= —1-M, thenTSMcSTM+SM. 


This shows that a product like TSTT---TS--- SSTL is 
contained in the sum of two others, such that both still contain 
the same number of factors S, the first has ST instead of TS, 
and the second has one factor T less. From this we obtain the 
following lemma. 


LemMA 2. If ST cS, then T%S* - - - S#T#L S*4L. 


DEFINITION 6. An element a (a subset A) is nilpotent if for a 
suitable exponent a"L = 0 (respectively, A*L = 0). 


ConDITION (1, iii) implies that if an element ¢ is nilpotent, 
then the set T = Pt is nilpotent. 


3. Proof of Engel’s Theorem. 


Lema 3. If a proper subring S is nilpotent, S*L =0, then there 
exists an element t which 1s not contained in S and satisfies Stc S. 


Indeed, since S*L=0 there must be a smallest exponent m 
such that S"™*1Z = S(S"L) ¢c S. The element ¢ may consequently 
be taken as an arbitrary element of S"L which is not contained 
in S. Such elements do exist, because S is a proper subring and 
m20. 

If we denote Pt by T, we have ST cS and this (see Theo- 
rem 1) makes S+T a ring which contains S as a proper subring. 


LemMa 4. If S and T are nilpotent, and if ST ¢ S, then S+T is 
nilpotent. 


We shall see that if S*Z = T*L =0, this nilpotency is exhibited 
by (S+T)*L=0. On account of Theorem 2, we have only to 
prove that 


= 
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k k 
(2) if Yet 
1 0 


Since the condition ST ¢ S for (1) is fulfilled, (2) is certainly 
true if }-e;=s. It is also trivially true if one f; should be 2t. 
In any other case we should have at most s exponents f;; their 
sum would be at most (f—1)s, and the total sum )\e;+) fi 
would be smaller than st. Hence there are no such cases, and 
Lemma 4 is proved. We are now ready to prove Engel’s Theo- 
rem in the following general form. 


ENGEL’s THEOREM. [f the elements of a subring R are nilpotent, 
and if in each system of subrings <R there is at least one which is 
maximal in the system, then R is nilpotent. 


For let S be a maximal nilpotent proper subring of R. Lemma 
3 shows that it is contained (properly) in a ring S+-T ¢ R, where 
ST cS; T=Pt is nilpotent. Lemma 4 makes S+T nilpotent, 
and because it is really greater than S it must be the improper 
subring R. Hence R is nilpotent. 


UNIVERSITY OF CALIFORNIA AT Los ANGELES 
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ON AN INTEGRAL TEST OF R. W. BRINK FOR 
THE CONVERGENCE OF SERIES 


BY C. T. RAJAGOPAL 


1. Introduction. The test in question is embodied in the fol- 
lowing theorem due to R. W. Brink.* 


Let >-°u, be a series of positive terms. Also let r(x) be a function 
such that (i) r(m) =fn=Un4i/Un, (ii) O0<ASr(x) Sy, (iii) r’(x) ex- 
ists and is continuous, f *| r’(x) | dx is convergent. Then the conver- 


gence of the integral 
f eS * logr(t)dt]y 


is necessary and sufficient for the convergence of the series >. °un. 


It is the object of this note to show that Brink’s theorem can 
be expressed in a more general form (Theorem 3 below) which 
leads at once to all the ratio tests for the convergence of series 
associated with Kummer’s test. The ratio tests are thus welded 
into unity from a point of view somewhat different from that 
adopted by Pringsheim in his classical paper Allgemeine Theorie 
der Divergenz und Convergenz von Rethen mit positiven Gliedern.{ 


2. Connection of Brink’s Theorem with the Maclaurin-Cauchy 
Integral Test. The problem which confronts us in Brink’s theo- 
rem is clearly that of setting up an integral {* F(#)dt whose be- 
haviour at infinity is reflected by a given series ).”u,. When 
2, ts has all but a finite number of terms positive, the method 
employed to establish the Maclaurin-Cauchy integral test shows 
that the convergence of [°F (x)dx is sufficient for that of 


if for nSxSn+1, 0<u,S F(x), (n=m, m+1,--- ). Denoting 
Un+i/Un by fn, the condition assumed is that 
F(x) 
Um 


* R. W. Brink, A new integral test for the convergence and divergence of infinite 
series, Transactions of this Society, vol. 19 (1918), p. 188. 
{t Mathematische Annalen, vol. 35 (1890), pp. 359-372. 


= 
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that is, 
F(x F(m 
> log r, < log ~ 
v=m F(m) Um 
* F'(t) F(m) 
= —di+l 
F(t) Un 
or, 


vtl = F'(t F(m 
| toe r,— f = f “ 


F(t) Um 


(nSxSn+1). 


The right-hand member of the above inequality may be altered 
to any arbitrary constant; for this would merely imply the mul- 
tiplication of F(x) by a positive constant in our initial hypothe- 
sis. Also, for the truth of the altered inequality the following 
conditions are sufficient: 


F'(x 


is bounded and integrable for x 2 m, 


x 


+1 F(x) 
(i) log rs f 
F(x) 


where >."6, is bounded above as n— «, which is a consequence 


of 


log r, — - (viens v+1). 


If we put F’(x)/F(x) =f(x), the integral whose convergence is 
sufficient for that of us assumes the form Sref TOM de, Fur- 
ther, the divergence of this integral is sufficient for the diver- 
gence of >-”u, provided that in (ii) above the inequality sign is 
reversed and >."6, is bounded below. Hence we are led to formu- 
late the test as follows. 


THEOREM 1. Let >>*u, be a series of positive terms and 
=Un4i/Un. If 
(i) f(x) is bounded and integrable for x =m, and 


|_| 
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(@): f x is convergent, 


{or (D): f eS*MOatdy is divergent} ; 
(ii) fornsx<sn+1, 
(@): log r, S f(x) + 6, being bounded above, 


{or (D): log rn = f(x) + 61, >. 5; being bounded below} ; 
then is convergent {or divergent}. 


The direct proof of the theorem is exactly on the lines of that 
of Theorem 2 given below. 


BRINK’s INTEGRAL TEsT. This is an immediate deduction 
from Theorem 1. For if r(x) is defined as in Brink’s theorem, 
then 

7'(t) 


log r(x) — lo n= dt, 
n r(t) 


and 
1 n+1 
| log r(x) — log r,.| s—f | | dt, (niuSn+1). 


n 


Hence replacing f(x) by log r(x) and taking 


1 n+1 1 n+1 
= | | de, = | r’(t) | dt, 
AJ, J, 


we see that >.*u, converges or diverges with 


f eS Tlogr(tidtd 


Thus Theorem 1 includes Brink’s integral test, as one of his 
own theorems in the Annals of Mathematics* includes Hardy’s 
generalization of the Maclaurin-Cauchy integral testT 


*R. W. Brink, A new sequence of integral tests for the convergence and diver- 
gence of infinite series, Annals of Mathematics, (2), vol. 21 (1919-20), p. 41. 

t G. H. Hardy, Theorems connected with Maclaurin’s test for the convergence 
of series, Proceedings of the London Mathematical Society, (2), vol. 9 (1911). 


= 
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3. Preliminary Theorems and Deductions. Theorem 1 admits 
of the following generalization. 


THEOREM 2. Let >-*u, be a series of positive terms and 
If 

(i) (D,) is a strictly increasing sequence tending to infinity; 

(ii) d,=D,—D,1=O(1); 

(iii) f(x) is bounded and integrable for x =D, and 


x 
(@): f eS*/(4tdy is convergent, 


for (D): f is divergent} ; 
(iv) for D,usxsD,, 


1 n 
rn f(x) + = 5,d, being bounded above, 


n 


1 n 
for (D): logr, 2 f(x) + 6,, 6; d, being bounded below 


then >.”u,d, is convergent { or divergent}. 
PROOF OF CASE ((°). Since 
1 
r f(t) +46, (D1 Sts D,), 
by integration, 
Dy 
log r, S f f(t)dt + 6,d,. 
Dy-1 
Sum for v=m+1, m+2,---,n-—1; then 
hn Dn-1 


1 n—l 
log < f(t)dt + >> 6,4, 


Da v=m+l1 


f(dt + Ki, fixed). 


Dn 


Also, for D,.1<x<D,, since | f(t)| <M (fixed), d,<K (fixed). 
we have 
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— KM f(tdt. 


Add the last two inequalities; then 


lA 


log — fdt+ Kit KM, (D1 = D,), 


Um+1 
and 


Un < KM eSp (tat (DiS 


Hence, integrating from D,_, to Dn, we have 


Dn 
Undn < f dtd 


Compare the series }-”u,d, with the series of positive terms 

tdx, and the test for convergence (() follows 

at once. The test for divergence (D) is similarly proved. 
The following is an adjunct to Theorem 2. 


THEOREM 2a. In Theorem 2, suppose the condition d,=O(1) is 
dropped and f(x) <0 (that is, the integrand in the test integral 1s 
a strictly decreasing function). If other conditions remain the same 
is convergent in case ((?) and is divergent in 
case (D). 


A slight modification is required in our former proof of ((): 


Un+ Dn 
log <f + Kyi. 
Um+1 Dn 
Also, for 
Dn 
f(édt. 


We add the last two inequalities, and obtain 


Um+1 


whence, as before, 
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D 


and the desired result follows by comparison. 


DEDUCTIONS FROM THEOREM 2a. (i) Taking f(x) = —p<0O, 
6, =0, and putting un::dn=@n, we see that the condition 


is sufficient* for the convergence of >>"an. 
(ii) The condition 


1 Ba-Bas 1 1 
a 
(a > 1), 
where 1,D,_1 =log log Dr, --- (andn2m-+1 


which is such that /,D,,>0), is sufficient for the convergence of 
>>*a,. For this implies that 


| 1 1 a 
f(x) = (a > 1);6, = 0, 
x 


we deduce the convergence of >>“a,. 
(iii) Similarly the condition 
1 Qn41°d, 1 1 
— log = = 
d, D,, D,-lD, D,-hD, 


(a = 1), 


is sufficient for the divergence of }>“a,. 
Setting D,=n in (ii) and (iii), we obtain Bertrand’s loga- 
rithmic criteria for convergence and divergence. 


* A. Pringsheim, loc. cit., p. 370. 
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| 
| 
— 
1 Un+1 1 1 a 
Hence taking 
| 
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4. Generalization of Brink’s Theorem. 


THEOREM 3. Let >~"a, be a series of positive terms. If 

(i) (D,) is a strictly increasing sequence tending to infinity; 

(iii) f(x) has a continuous derivative f'(x) and f*|f'(x)|dx is 
convergent; 


(iv) (@): is convergent, 


{or, (D): f eSIM4tdy is divergent} ; 


1 dn 
(D): > f(D,)}; 


d n 
then >-"a, is convergent {or divergent}. 


PRooF OF ((). Denoting a,/d, by un, we have in the notation 
of Theorem 2, 


Dna 
tog ra + 12) 


n 


sf 


Da 


Whence, choosing 6, = Se, | f' (t)| dt in Theorem 2, we deduce 
the convergence of Gn. 
Proof of (D) is similar. 


DEDUCTIONS FROM THEOREM 3. (i) If 


then, under the conditions assumed, the convergence of 


f eS 


| 
1 On+1° dn 
— ADD, 
d, 
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is necessary and sufficient for the convergence of >>*a,. When 
D,,=n, we have Brink’s theorem. 
(ii) Taking f(x) = —p <0, we see that the condition 


1 On+1° 


is sufficient for the convergence of }>“a,.* Since logy S$y—1, 
(y >0), it follows that the above condition can also be expressed 
in Kummer’s form:{ 


1 an 
-1)s-p<o. 


d, 
(iii) Taking 
x) = ——— —, (a> 1), 
we observe that the condition 
1 dn, 1 1 
d,, D,- LD, 
1 a, a 
or, 1) » (a> 1), 


is sufficient for the convergence of “an. 
The corresponding divergence criterion has already been 
given. 
Mapras CHRISTIAN COLLEGE, 
TAMBARAM, SOUTH INDIA 


* A. Pringsheim, loc. cit., p. 371. 
+ A. Pringsheim, loc. cit., p. 361, footnote. 
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ON A CLASS OF RECURRENT SEQUENCES* 
BY H. E. ROBBINS 


The first example of a recurrent, non-periodic sequence was 
given by Marston Morsef in connection with the geodesics on 
a surface of negative curvature. A discussion of their signifi- 
cance, together with a general method of definition may be 
found in Birkhoff’s Dynamical Systems, 1927, p. 246. In this 
note they will be considered independently of their origin, and 
a class of such sequences with certain interesting properties 
will be defined. (Theorem 1 of the present paper, except insofar 
as it refers to the particular sequence under discussion, is there- 
fore not new.) As a preliminary to this we shall make certain 
definitions. 

A sequence is a doubly-infinite row of the symbols 1 and 2: 

+ + C_3C_2C_1€0C1CoC3 - - - , Where each c; is either a 1 ora 2. A 
block is a set of consecutive members of a sequence: CmCm41 °° * Cn 
and has length s if there are s symbols in it. A sequence is 
periodic if there exists an integer p such that ¢n,,»=c, for all n. 
A sequence is recurrent if there exists a function of integers f(m) 
with integral values, such that any block of length m chosen 
anywhere in the sequence is contained as a block in any block 
of length f(z). The least such function f() will be called the 
ergodic function of the sequence. 

As an example of such a sequence, let 


= 12, ay = ag = 211212, ---, = Gn 


To define our sequence we number the symbols starting with the 
original 

> 

- 12 
which has been underlined above. We may omit a more precise 


definition of the mth symbol since it will be unnecessary for our 
present purpose. We note that 


* Presented to the Society, September 1, 1936. 
T Transactions of this Society, vol. 22 (1921), p. 94. 
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where, as above, a“! denotes the symbols of a, in reverse order. 


THEOREM 1. The sequence thus defined is recurrent but not 
periodic. 


PROOF OF RECURRENCE. First of all we note that there are 
2-3" symbols in the mth stage of the construction, a,. Now let 
us choose any block of length s: 


(1) Cm+10m+2 °° Cmts; 


and let 2 be the smallest integer such that 2:3"2s. 

Since for any m the sequence may be regarded as built up of 
a succession of blocks a,, and a,,! in some order, it follows that 
the block (1) must be contained in one of the following blocks: 


But 
= 
= dn = an 1a, 
= -1 —1 
= = An Andn “Andn, 


and each of the blocks (2) is contained in both an42 and az}2. It 
follows that the block (1) is contained in any block of length 
twice the length of a,,2, that is, of length 4-3"*+. So if we set 
f(s) =4-3"+*, the sequence is recurrent with ergodic function at 
most equal to f(s). To express f(s) explicitly in terms of s, or 
rather, to get an upper bound for it, we proceed as follows. By 
definition, is the smallest integer such that 2-3"2s, that is, 
such that »Zlog;(s/2). Therefore, <log;(s/2)+1. It follows 
that 


f(s) S 4-342 < = 4-527 = 


that is, f(s) <<54-s.* 


PRooF oF Non-PERIODICITY. It is easily seen that periodic se- 
quences have ergodic functions of the form f(m) =n-+c, where 


* By a more detailed analysis of the sequence, a much lower bound can be 
found for the ergodic function f(s). 


= 


1937-] RECURRENT SEQUENCES 415 


c is some constant. We shall show that the ergodic function of 
our sequence is not of this form. The proof will be based on the 
following lemma. 


Lemma 1. For all n=1, 2, 3,--- the block az is not con- 
tained in 4,0, or in 4,4, or a, dn, except as the initial or final 
block in the latter two. 


PROOF. 
aya, = 211212211212, 
= 212112211212, az! = 212112, 
= 211212212112, 


and the assertion is obvious on inspection. Now suppose the as- 
sertion true for =m. By definition 


t2 
= In la = Im 10m, 
Om41dm41 = Ga Oulu’, 
= g-1,.-1 —1 
= Im Im dm, 


and inspection again shows the truth of the assertion for 
n=m-+1. Now to show non-periodicity, we choose some n = 1, 2, 
3,--- such that 2-3">c, where c is an arbitrary positive in- 
teger. The blocks a,! and a,a, both occur in the sequence, but 
the length of a7!=2-3", the length of a,@,=4-3">2-3"+¢c, 
while a,a, contains no sub-block of the form a,-! by the lemma. 
Thus our sequence cannot be periodic. This concludes the proof 
of Theorem 1. We may state explicitly the following corollary. 


COROLLARY. There exist recurrent, non-periodic sequences 
whose ergodic functions are bounded above by linear functions 
(without constant terms). 


Having obtained a recurrent, non-periodic sequence whose 
ergodic function is bounded above by a linear function and 
which is thus, in a sense, close to the periodic case, we turn our 
attention to the other extreme and ask whether there exist 
r. n. p. sequences whose ergodic functions increase arbitrarily 
rapidly. We may state the problem as follows: 


i 
= 
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Given a function R(m) (of integers, with integral values) such 
that 


(3) R(n) > n, 


does there exist an r. n. p. sequence with ergodic function f(m) 
such that for each m greater than some integer d, f(m) >R(m); 
that is, does there exist a block of length <m and a block of 
length >R(n) which does not contain it as a sub-block? 

We shall see that this question is to be answered in the affir- 
mative. Let us define a sequence as follows: 


R(6) times [(an)] times 


where /(a,) denotes the number of symbols in a,. The precise 
method we choose to number the symbols of the sequence 
is of course arbitrary, but we may start with the “original” 

12 --- as in the previous case. That this sequence is 
r. n. p. follows by much the same reasoning as in the previous 
simpler case. We shall confine our attention to proving that the 
ergodic function increases rapidly enough. The proof will be 
based on the following lemma. 


LEMMA 2. For any n21, the block andy ---@n of arbitrary 
length contains no sub-block of the form a,". 


ProorF. It will be sufficient to show that this is true for the 
block a,a,. The assertion holds for n=1: 


= 'dodo do = 21 12 12--- 12, 
a\0,; = 21 12 12--- 12 21 12 12--- 12, 


a= 21 21 --- 21 42. 


Now assume it to hold for n =m. By definition, 


. 
R[3* H(am)] R[3* 
m+1 m m m Om; 


R[3* 


= 
= 
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and from (2) the assertion is seen to hold for n=m-+1, proving 
the lemma. 

Now to prove the theorem, we choose an arbitrary integer s, 
where /(a,) Ss (n=1, 2, 3,---+), and suppose that 
p-I(a,) Ss <(p+1)-l(a,), where 1S p<R[3-l(a,) |. We observe 
that 


On+1 = a, ig. * 


R[3-+ 1(an)] times 


times 


= | [art - --- [ar --- --- 


R[3+ blocks 


a 
+ 

| 


The number of symbols in this initial portion of az}2 is equal 
to R[3-1(an41) ]- [R(3-1(an)) +1]-1(an), while it contains no sub- 
block of the form a,a,a, by Lemma 2. Thus, if p23, the 
theorem is proved. If p<3, that is, /(a,) $s <3-l(a,), we simply 
observe that the block a,a, - - - a, which is contained in a@,4, 
contains no sub-block of the form a,;! by the lemma. But its 
length is >R[3-/(a,) |], which completes the proof of Theorem 2. 


THEOREM 2. There exist recurrent, non-periodic sequences 
whose ergodic functions increase arMtrarily rapidly. 


HARVARD UNIVERSITY 


= 
f 
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NOTE ON A CERTAIN RING-CONGRUENCE 
BY H. S. VANDIVER 
1. Introduction. Consider the functions 
aay" + +--- + apa = falar, an), 


where the a’s are rational integers and the a’s belong to a ring R 
including the rational integers. Further, for any a; prime to m, 
let 


a;=1(modm), (i=1,2,---,8&). 
Now we set up the function 


Consider the operation of differentiating f,(x) with respect to 
x and then multiplying the result by x. We shall call this opera- 
tion E(f). Similarly we shall call E‘?(f) the result of carrying out 
this operation 7 times on f. Hence 


(1) E® f,(x) fn+ia(%) ’ 
and 
(2) ] ont = fnt 1, tx). 


Now consider any function of the form 
H(x) = Vax", 
h 


where the y’s are in R and the summation ranges over any finite 
number of rational integers, h. If u; and uz are functions of this 
type, then it may easily be shown by induction that 


(uyue) = (1 U2), 


where on the right we expand by the binomial theorem and re- 
place by m with =E©(u,) and similarly for (u)*, 
with (u:)°=1; (u2)°=ue. In fact, this scheme corresponds to 
setting x =e’, where ¢ is the Napierian base, and differentiating 
UjU2, 7 times with respect to v, if we should assume that R con- 
tains the field of all real numbers. More generally we have 
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(3) ED (tye +++ Us) = (Ur + + 


where, in the expression on the right, we expand by the multi- 
nomial theorem and replace u7 by u;” with u; =E(u;); the 
latter theorem is written in the form 


(4) (uw +w+---+4,)i= >. — 


Cs 
— Ug Ue, 
the summation ranging independently over each set of positive 
or zero c’s satisfying 
and further u;°=1;. 


2. The Main Theorem. Write 


i ki n; af; 
(5) foo (x) =>) 
r=1 
If be, - - - , is the greatest common divisor of be, - - - , Bs, 


consider the a7}’s in (5) which have factors in common with m 
and let /; be the greatest common divisor of all such. Consider 
the product 


(6) far (® (8) fo (2) =F, 
where the @’s are integers such that 
(6a) Bi + +--- +8, =0 (mod m). 


We now proceed to carry out in two different ways the operation 
E‘*(F) and finally set x =1 in each result. Employing (2) and 
(3), we find 


[E“(F) | = + fa, + + 


where, after expansion of the right-hand member following (3), 
we set 


t t (4) 


Consider a term in FE (xs) in which a,; is prime to m, 


ng 
A gid giX 


— 
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Set a%,=1+maq(a,;); then the above becomes 


ng 
A gid giX 


The terms in our f in which the a,;’s are prime to m may then 
be written 
ng Bima (agi) 


~ 8; 
d 


so that 
fae =Gi + 
where C(x) is a function of the same type as H(x). Since 
Bi + B2 +--- +8, = 0 (mod J), 
then 
Ile. 
i=l 
can be expressed as the sum of terms of the form Ax”7, where A 
belongs to R. Hence we may write 
F = A,x™ + LD(x), 
where L = (lh, lo, - - - , 1,); D(x) is of the same type as H(x), and 
then 
E® [A = 0 (mod 
and also, if we write (mod L, m*) for (mod (L, m’)), 
[E‘(F)],-1 = 0 (mod L, 
THEOREM. Let R be a ring containing the ring of rational in- 


tegers. Put 


kj 
(4) ng 
r=1 


where the a’s are rational integers and the a’s belong to R. Further, 
let 


a‘, = 1 (mod m), 


let 1; be the greatest common divisor of all the aj; in the above which 
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have factors in common with m; and let B,, Be, --- , Bs be rational 
integers such that 


Bi + Be+--- +8, =0 (mod m). 


Then 
(7) + fa, + + f.,)i = 0 (mod mi, l,, le, 


where we expand the left-hand member, employing (4), and set 
t 


t 
Sn; = B , (4 = 41,2,---,3). 
3. Applications of the Theorem. The above general theorem 
has many applications, some of which will be considered here. 
Kummer* gave a result which may be expressed as follows: 


(8) — 1)i = 0 (mod (n — 1 = j;u 0 (mod p — 1)), 


where ? is an odd prime; the left-hand member is expanded in 
full, then b,/t is substituted for 4‘, and the b’s are defined by the 
recursion formula 


(b+ 1)" = (n > 1), 


in which we expand the left-hand member by the binomial theo- 
rem and substitute }, for b*. The latter formula gives the 
Bernoulli numbers. 

To apply the main theorem in the present paper to Bernoulli 
numbers, we employ the known formula 


Si(p*) = 16+ 2'+.--- + (p* — = (mod p**), 
where 7 is even and p>3. We also employ the formula 


i— 1)S;(p* i 
p* a=1 s=1 a 


where 1 is prime to p and 


= — (mod n), (0S ya <n). 


These give 
1 
bo; = (mod p*), 


21 a=1 
* Journal fiir Mathematik, vol. 41 (1851), pp. 368-372. 
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which we immediately connect up with the f-functions treated 
in our theorem, and the latter gives 


i 


= 0 (mod rt, {334 
(n; # 0 (mod p — 1);i = 1, 2,---,5), 


where the left-hand member is expanded in full and 5,/t sub- 
stituted for in the result, (¢=1, 2,---, 5s). To obtain (8) 
from (7), set s=2, and 


pi—1 


fn, = Ing = 1Ai= 1,8:= 
a=1 


and the result follows. 
Frobenius* gave the relation 


(10) H*(1 — H*)* = 0 (mod (9%, p*)), 


where ? is a prime, b is a multiple of p*-'(p—1), and the left- 
hand member is expanded in full and H‘ is replaced by H;. 
Further, H, is defined by the recursion formula 


(H +1)" = (n > 0), 


where the left-hand member is expanded by the binomial theo- 
rem and H' is replaced by H;. This gives H as the quotient of | 
two polynomials in x with rational integral coefficients. If these 
fractions are expressed in their lowest terms, the numerators are 

called Euler polynomials. Each denominator is a power of 
(x—1). The relation (10) can be obtained from (7) if we take 
R as the polynomial ring obtained by adjoining the indetermi- 
nate x to the rational ring and extending the result given by 
Frobeniusft so that we have the congruence mod #/ which is | 
analogous to the one he gives mod p. The R,(x) referred to in 
this formula is defined by 


* Berliner Mathematische Gesellschaft, Sitzungsberichte, 1910, p. 826 and 
p. 841. 
tT Loc. cit., p. 843, relation (1). 


| 
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R,(x) 


The relation (7) gives many generalizations of (9). For example 
we can take m=/* in lieu of m=. Further details I hope to 
give in another paper on Bernoulli numbers and Euler polyno- 
mials. 


UNIVERSITY OF TEXAS 


A THEOREM ON MEAN RULED SURFACES 
BY MALCOLM FOSTER 


Consider the ruled surface formed by the normals to a sur- 
face S along some curve C on S. We ask: What are the curves 
C for which the line of striction of the ruled surface is the locus 
of the centers of mean curvature corresponding to C? 

On S we take the lines of curvature parametric. Referred to 
the moving trihedral of S, the direction-cosines of the normal 
are (0, 0, 1), and the variations in these are given by* 


dX=qdu, dY=-—p dv, dZ=0. 


Now the displacement of the central point on each generator of 
the ruled surface is orthogonal both to the normal and to its 
neighboring position. Hence we have 


éz = 0, qduix — pidvdy + iz = 0, 
which reduce to 
(1) qdu(édu + zqdu) — pidv(nidv — zpidv) = 0. 


If in (1) we assign a value to the ratio dv/du, this equation will 
determine the distance z to the line of striction on the ruled sur- 
face defined by this ratio; and if to z we assign a given value, 
equation (1) will determine the curves, (though not necessarily 
real), for which this assigned value of z is the distance to the 
lines of striction. 

From (1) we have for the problem at hand, 


* Eisenhart, Differential Geometry of Curves and Surfaces, pp. 166-174. 
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— gédu® — qm — pik 
pi dv? + q?du? 2pig 
which after some simplification may be written 
(2) (gn + pit)(pirdv® — = 0. 


It is readily seen that the vanishing of the first factor in (2) 
would mean that S is either a sphere or a plane. Hence, exclud- 
ing these cases, the equation of the curves defining the mean 
ruled surfaces of the congruence of normals to S is given by* 


(3) q’du? — pPdv? = 0. 


Since this is identical with the equation which defines the prin- 
cipal surfaces of the Ribaucour congruence for which S is the 
director surface, we have the following theorem. 


THEOREM. The mean ruled surfaces of the congruence of nor- 
mals to a surface S are represented on S by curves which define also 
the principal surfaces of the Ribaucour congruence for which S is 
the director surface. 


WESLEYAN UNIVERSITY 


* Foster, Rectilinear congruences referred to special surfaces, Annals of 
Mathematics, (2), vol. 25 (1923), p. 177. 
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A NOTE ON THE RELATION BETWEEN INTEGRAL 
AND TCHEBYCHEFF APPROXIMATION BY 
POLYNOMIALS IN THE COMPLEX 
DOMAIN* 


BY W. E. SEWELL 


1. Introduction. Let C be a rectifiable Jordan curve in the 
z-plane and let R be the limited simply connected region 
bounded by C. Let f(z) be analytic in R and continuous in 
R+C=C, and let P,(z) be a polynomial of degree in 2 which 
minimizes the integral 


(1 ff | 1) as], 


where p is a fixed positive number, and w(z) is a bounded non- 
negative measurable function bounded from zero; the existence 
of such a polynomial P,(z) is well known. Dunham Jacksont 
has given an evaluation for | f(z) —P,(z)| , 2 in C, with various 
restrictions on C and on R. In this note we sharpen these re- 
sults for curves with corners, and extend them to more general 
smooth curves and to arbitrary rectifiable Jordan curves. 

We also consider the case p=2 in particular and the develop- 
ment of f(z) of class L? in normal and orthogonal polynomials. 
Our two principal results are the following theorems. 


THEOREM A. Let C be a rectifiable Jordan curve in the z-plane 
and let f(z) be analytic in C and continuous in C. Let p,(2) be an 
arbitrary polynomial of degree n such that | f(z) — p,(2)| S€,, 21n 
C. Then |f(z)—P,(2)| S$ p>0, in C, where M is a 
constant independent of n and z, and P,(z) is a polynomial of 
degree n which minimizes (1). 


* Presented to the Society, December 31, 1936. 

t See, for example, J. L. Walsh, Interpolation and Approximation, Col- 
loquium Publications of this Society, vol. 20, 1935, pp. 351-352. 

t On certain problems of approximation in the complex domain, this Bulletin, 
vol. 36 (1930), pp. 851-857; On the application of Markoff’s theorem to problems 
of approximation in the complex domain, this Bulletin, vol. 37 (1931), pp. 883— 
890. These papers will be referred to hereafter as JI and JII, respectively. 
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THEOREM B. Let C be a rectifiable Jordan curve in the 2-plane 
and let f(z) belong to L? on C. Let {P,, (z) } be the set of polynomials 
normal and orthogonal on C and let* 


a, = | dz | 


If ax| converges, the function f,(z) =) 4s ana- 
lytic in C, continuous in C, and fi(z) =f(z) almost everywhere on C. 


The method is an application of recent results of the authorf 
on the modulus of the derivative of a polynomial and is the 
same as that used by Jackson in JI and JII. 

It should be noted here that in §3 (Theorem A) the region 
may be a multiply connected region bounded by a finite number 
of rectifiable Jordan curves, or made up of a finite number of 
separate regions of similar character. f{ 


2. Jordan Curves and Derivatives of Polynomials.§ Let R, with 
boundary C, be a limited simply connected region in the z-plane 
and let z=Y(w) map K, the complement (with respect to the 
extended plane) of C, on |w| >1 so that the points at » in the 
two planes correspond to each other. We will say that C is a 
curve of Type S|| if 

¥(w1) — ¥(we) 


(2) 0< N, <| | <9, < &, 
— We 


(|wi| 21, | we 1), 


where N, and Nz are constants independent of w; and we. If Cis a 
curve of Type S tt is shown in SII that for P,(z), an arbitrary 
polynomial of degree n, the inequality | P,(z)| <M, z on C, im- 

* 4 denotes the conjugate of the complex number a. 

t On the modulus of the derivative of a polynomial, this Bulletin, vol. 42 
(1936), pp. 699-702; Generalized derivatives and approximation by polynomials, 
Transactions of this Society, vol. 41 (1937), pp. 84-123. These papers will be 
referred to hereafter as SI and SII, respectively. 

t See JII, p. 885. 

§ The results given here are extensions of Bernstein’s and Markoff’s Theo- 
rems on the moduli of the derivatives of polynomials; see SII for references. 

|| For the geometric properties of Csee W. Seidel, Uber die Rinderzuordnung 
bei konformen A bbildungen, Mathematische Annalen, vol. 104 (1931), pp. 182- 
243; especially pp. 217-221. 
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plies* | P,! (z)| <M Myn, z on C; here, and below M and M, are 
constants independent of n and 2; the constant M, depends on C. 


For curves with corners we need the following definition (see 
SII). 


DEFINITION. Let C be a Jordan curve composed of a finite num- 
ber of Jordan arcs meeting in corners 2, 22,--- , 2r, of exterior 
openings pm, eT, (2>pizue= --- and let 
the difference quotient of the mapping function [see (2) | be bounded 
in modulus on each sub-arc not containing a corner. Let t= if 
fi 21, and t=1 if w.<1. Then we shall say that C is a curve of 
Type t. 


If Cis a curve of Type t, the inequality | P,.(z)| < M,zon C, im- 
plies | P,! (z)| < MMyn*, z on C (see SII). 


If C is a rectifiable Jordan curve it is shown in SI that | P,(z)| 
<M, zon C, implies | (z)| <M My,n?,2z on C. 


3. Integral and Tchebycheff Approximation. For approxima- 
tion in the sense of least pth powers we have the following theo- 
rem. 


THEOREM 1. Let C be a rectifiable Jordan curve in the 2-plane 
and let f(z) be analytic in C and continuous in C. Let P,(z), 
(n=1, 2,---), be a polynomial of degree n which minimizes 


f(s) | 108) Pats) |?| as], 


where w(z) is a bounded positive measurable function, with a posi- 
tive lower bound, and p is a fixed positive number. Let p,(2z) be a 
polynomial of degree n such that | f(z) — p,(z)| <e,,2in C. Then 
we have 


(3) | f(z) — Pn(z)| Mnt!*e,, (z in C), 
where M 1s a constant independent of n and z, and t=1 if Cis a 


curve of Type S,1St<2 if Cis a curve of Type t, and t=2 if C 
is an arbitrary rectifiable Jordan curve. 


* f'(z) denotes the first derivative of f(z). 


= 
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We indicate the proof (see JI). Let r,(z) =f(z) —p,(z), and let 
m,(z) = P, (2) — pa(z); then r,(z) =f(z) —P,(z). Let 


ff 6s) | — P,(z) |”| dz | 


Let |7,(z)| zon C, and let |n(z0)| =n, where 20 is a point 
of C. Then by the results of §2 we know that | ar, (z)| <yu,Myn', 
zon C, and it follows that 


| Tn(Zo) | yn! | zo|, 


zon C. Let s be the arc or arcs of C consisting of the set of points 
enc, | ¢—zo| <1/(2M,n'). On s we have | | 
<p,/2. This means that on s, whose total length is not less than 
1/(M,n‘), we have |7,(¢)| 2u,./2. Let V2w(z) 2v>0, and we 
have for u, =4e€, 


(4) Yn = 

4 
and by the minimizing property of P,(z), we know that 
(5) Yn LVe?, 


where L is the length of C. Combining inequalities (4) and (5) 
yields yu, S Mon*!?e,, where M2 is a constant depending on C, p, 
and w(z), but independent of m and z. Thus whether yu, 2€, or 
not we have 


| f(z) — Paz) | =| — ma(z)| S Mnt!*e,, (z in C), 


where M is independent of ” and z, and the proof is complete. 

Jackson (JI) establishes Theorem 1 with ¢=1 for C satisfying 
the condition that there is a number ro>0 such that at every 
point of C a circle of radius 79 can be drawn tangent to C, and 
containing in its interior and on its boundary only points of C.* 
He also obtains (JII) the result with ¢=2 for the case where 
C is a curve such that its parametric representation satisfies a 


* For a discussion of such properties see Seidel, loc. cit. 
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Lipschitz condition* of order 1 and R is a region for which there 
is a positive number fp such that from every point of its bound- 
ary a line segment of length 27) can be drawn belonging wholly 
to the closed region R. 

If Cis an analytic Jordan curve and f(z), (720), satisfiest a 
Lipschitz condition of order a, (0<a1), on C, we know by 
a theorem of John Curtiss{ that ,(z) exists such that 
€n = M,/ni+«, where M, is a constant independent of m and z. 
Consequently, in this case we have by inequality (3) 


M 
(6) | f(z) — P,(z)| 


and hence if j7+a>1/p, we have uniform convergence of the 
sequence P,,(z) to f(z) in C. In fact (6) gives an upper bound 
on the degree of Tchebycheff approximation of P,(z). 

In connection with (3) it is interesting to note that for each n 
we have§ 


lim P,(s) = T;(s), 


poo 


where P,,(z) is the polynomial of degree u of best approximation 
to the continuous function f(z) on C, a rectifiable Jordan curve, 
in the sense of least pth powers with a norm function,|| and 
T,(z) is the polynomial of degree 1 of best approximation to 
f(z) on C in the sense{ of Tchebycheff. 


* f(z) satisfies a Lipschitz condition of order a on the set E if for arbitrary 
points z; and z2 on E we have | f(z1) —f(z2) <L| 21 —2,|*, where L is a constant 
independent of z; and zz. 

t f(z) =f(z). 

1 A note on the degree of polynomial approximation, this Bulletin, vol. 42 
(1936), pp. 873-878. 

§ G. Julia, Sur les polynomes de Tchebycheff, Comptes Rendus (Paris), vol. 
182 (1926), pp. 1201-1202; the corresponding result for C the segment (0, 1) 
of the axis of reals is due to G. Pélya, Sur un algorithme toujours convergent 
pour obtenir les polynomes de meilleure approximation de Tchebycheff pour une 
fonction continue quelconque, ibid., vol. 153 (1915), pp. 840-843. 

|| See J. L. Walsh, Approximation by Polynomials in the Complex Domain, 
Mémorial des Sciences Mathématiques, vol. 73 (1935); especially p. 24. 

{ That is, max [|f(z)—T,(z)|, s on C] is less than the corresponding ex- 
pression for any other polynomial of degree n. 
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4. The Case* p=2. Approximation in the sense of least 
squares leads to a consideration of the set of polynomials 
{ P,(z) } normal and orthogonal on C, a rectifiable Jordan curve 
in the z-plane. The method used in proving Theorem 1 serves 
to establish the following result. 


THEOREM 2. Let C be a rectifiable Jordan curve in the 2-plane 
and let Qn(z)|?|dz| where Q,(z) is a polynomial of 
degree n. Then we have 


(7) | Qn(z) | (z on C), 
where M is a constant independent of n and z, and t=1 tf C is 
a curve of Type S,1St<2 if Cis a curve of Type t, and t=2 if C 
is an arbitrary rectifiable Jordan curve. 


For the set of polynomials { P,(z)} normal and orthogonal 
on C, we have €, =1 with =2 in Theorem 2. Thus (7) becomes 


| P,,(z) | <= Mnt!?, (z on C). 
Now suppose f(z) belongs to L? on C; then 
f(z) ~ aoPo(z) + ai:Pi(z) + +---, 


fle)Pxta) | ds, 


where the sign ~ is used to denote formal correspondence. The 
polynomial of degree 1 of best approximation to f(z) on C in 
the sense of least squares is S,(z) =) p-9¢%P:(z). Now suppose 
dro] ax| &/?, where the value of ¢ is compatible with the char- 
acter of C, converges, then 


filz) = Pi(z) 
k=0 


converges absolutely and uniformly on, and hence within, C and 
consequently f,(z) is analytic in C and continuous in C. More- 
over, since S,(z) converges in the mean to f(z) on C, the function 
fi(z) =f(z) almost everywhere on C. Thus we have the following 
theorem. 


* See G. Szegi, Uber orthogonale Polynome, die zu einer gegebenen Kurve der 
komplexen Ebene gehéren, Mathematische Zeitschrift, vol. 9 (1921), pp. 218- 
270; J. L. Walsh, Interpolation and Approximation, Chap. VI. 
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THEOREM 3. Let C be a rectifiable Jordan curve in the z-plane 
and let f(z) belong to L? on C. Let { P,(z) } be the set of polynomials 
normal and orthogonal on C and let 


filz) = aoPo(z) + a:Pi(z) + +---, 
= | f(z)Pi(z)| 
| dz | 


Suppose (22t21), converges . Then f;(z) is ana- 
lytic in C, continuous in C, and is equal to f(z) almost everywhere 
on C tf either: (1) Cis a curve of Type S and t=1, or (2) C is curve 
of Type t and 2>t21, or (3) C ts an arbitrary rectifiable Jordan 
curve and t=2. 


Of course in the above theorem the function f(z) may be de- 
fined (or redefined) on a set of measure 0 on C and defined-in C 
so as to coincide everywhere with f(z). 


GEORGIA SCHOOL OF TECHNOLOGY 


| 
| 
\ 


REINHOLD BAER 


EQUIVALENCE OF ALGEBRAIC EXTENSIONST 
BY REINHOLD BAER 


The commutative fieldst K and H are equivalent with regard 
to their common subfield L, if there exists an isomorphism be- 
tween K and H which maps every element of L upon itself. If 
H and K are equivalent with regard to L, then the same equa- 
tions with coefficients in L have solutions in 7 and in K. It is 
the aim of this note to establish a criterion for the validity of 
the converse of the above proposition. 

The field F is completely algebraic with regard to its subfield S, 
if Fand S satisfy: 

(1) F ts algebraic with regard to S; 

(2) if f is an isomorphism of S upon the subfield S' of the field 
G’ such that every equation (with coefficients) in S which has a 
solution in F is mapped by { upon an equation in S’ which has a 
solution in G’, then f is induced by an isomorphism of F upon a 
field F’ between S’ and G’ (S's F' SG’). 

E. Steinitz§ has proved that every simple algebraic exten- 
sion|| and every normal algebraic extension § is completely alge- 
braic. 


Lemma 1. Jf the algebraic extension F of the field S satisfies the 
condition (i) to every patr of fields Uand V such that SSUSV&EF, 
V finite with regard to U, there exists a field W between V and F 
such that W is finite and completely algebraic with regard to U, 
then F is completely algebraic with regard to S. 


Proor. There exists a chain of fields F, (v an ordinal number 


{ Presented to the Society, October 31, 1936. 

t Only commutative fields will be considered in this note. 

§ See E. Steinitz, Algebraische Theorie der Kiérper; Mit Erliuterungen und 
einem Anhang: Abriss der Galois-schen Theorie, neu herausgegeben von Rein- 
hold Baer und Helmut Hasse, 1931. 

|| Sis the simple algebraic extension of the field F, generated by the element 
b, if b satisfies an algebraic equation with coefficients in F and S is a smallest 
field containing F and b. 

4 N is normal with regard to its subfield S if every irreducible polynomial 
in S which has zeros in N is in Na product of linear polynomials. 
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taking all values between 0 and a certain ordinal number k) 
such that Fp>=S, F,41= F.(e,) is a simple (algebraic) extension 
of F, for 0Svk, F, is the join of all the F, with 0<u<z, if v 
is a limit ordinal, F, = F. This chain of fields F, satisfies in par- 
ticular the relations SS F, F, SF, if u<v. 

Assume now that G’ is an algebraic extension of the field S’ 
and that there exists an isomorphism 8 of S upon S’ such that 
(1) every equation in S with solutions in F is mapped by 8 upon 
an equation in S’ with solutions in G’. 

There will now be constructed by complete (transfinite) in- 
duction a chain of fields F’ and of isomorphisms f, of F, upon 
F} such that S’S F/ <F/ <G’ for u<v; fo=8, f, induces f, in 
F,, for u<v; every f, satisfies (I). Since Fg = S’ and fo=8 is a 
suitable beginning for this construction, it may be assumed that 
, f. have been defined for every v with 0 Sv <u (Sk) and that 
they satisfy the above conditions. 


CASE 1. u=w-+1 is not a limit ordinal. 


Denote by g(x) the irreducible polynomial in F,, whose zero 
iS €,. It is mapped by f. upon a certain polynomial g*(x) in F,/ 
and g*(x) has zeros in G’, since f,, satisfies (I). Let b:,---, dn 
be the set of all the zeros of g*(x) in G’; 7 is finite and positive. 
Since g(x) is irreducible in F,, f. is an isomorphism, it follows 
that g*(x) is irreducible in F,/ , and consequently there exists for 
every 7 exactly one isomorphism 6; which induces f,, in F,, and 
maps F, upon (b;) and e, upon 

If }; does not satisfy (I), then there exists a polynomial g;(x) 
in F, which has zeros in F such that the polynomial g*(x) upon 
which g;(x) is mapped by 6; has no zero in G’. Assume that none 
of the isomorphisms ); satisfies (1). The set of all the solutions 
in F of the equation g(x)qi(x) - - - gn(x) =0 generates a certain 
field V between F,, and F which contains F, and is finite with 
regard to F,,. There exists therefore by condition (i) a field W 
between V and F which is finite and completely algebraic with 
regard to F,,. Since the isomorphism f,, of the subfield F, of W 
satisfies (I), it follows that there exists an isomorphism § of W 
upon a field W’ between F,’ and G’ which induces f,, in F,,. Since 
the isomorphisms h,, - - - , §, are all the possible isomorphisms 
of the subfield F, upon a field between F, and G’ which induce 
fw in F,, and since F, is a subfield of W, 6 induces in F, exactly 
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one of the isomorphisms §;, say ;. Since g:(x) has zeros in W, 
qi(x) is mapped by 6 and by }; upon a polynomial in F,/ (b;) 
which has zeros in G’ in contradiction to the above assumption. 
Therefore at least one of the isomorphisms 6;, say §,, satisfies (I) 
and it may be defined by f.=}n, F./ = F./ (b,), and thus the 
chain of fields and isomorphisms has been prolongated in the re- 
quired way. 


CASE 2. u its a limit ordinal. 


Then F, is the join of the increasing chain of fields F, with 
v<u. If F/ is defined as the join of the increasing chain of 
fields F/ with v<u, then there exists one and only one iso- 
morphism  f. of F, upon F,’ which induces f, in F, for v<u. 
Since every polynomial in F, is contained in a certain F, with 
v<u, and since every f, with v<z satisfies (I), it follows that 
also f, satisfies (I). 

Thus it has been proved that fields F,/ and isomorphisms f,, 
satisfying the above conditions, exist for every u with OSuSk. 
There exists therefore, in particular, an isomorphism f, of 
F,=F upon a field F{ between S’ and G’ which induces the 
given isomorphism 8 in S, and therefore F is completely algebraic 
with regard to S. 


Coro.iary 1. If F is algebraic and separablet with regard to 
its subfield S, then F is completely algebraic with regard to S. 


Proor. If SS US VF, then Fand V are separable with re- 
gard to U. V is therefore a simple algebraic extension of U if, 
and only if, V is finite with regard to U. Since simple algebraic 
extensions are completely algebraic, it follows therefore that F 
satisfies (i) with regard to S, and consequently Lemma 1 im- 
plies that F is completely algebraic with regard to S. 


THEOREM 1. Assume that F is completely algebraic with regard 
to its subfield S, that F' is algebraic with regard to its subfield S’, 
and that 8 is an isomorphism of S upon S’. Then there exists an 


t See E. Steinitz, loc. cit., Erlaiuterungen, pp. 17-18. 

t F is separable (and algebraic) with regard to its subfield S, if every ele- 
ment of F is a solution of a separable irreducible equation in S. An irreducible 
equation g(x) =0 in S is not separable if the characteristic of S isa prime num- 
ber pand g(x) a ea All the solutions of a separable equation are different. 
Every finite separable extension is simple. 


— 
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isomorphism of F upon F' which induces % in S if, and only if, 
every polynomial g(x) in S has the same number of zeros in F as 
the polynomial g(x)8=g*(x) (upon which g(x) is mapped by 8) 
has zeros in F’. 


Proor. Clearly it suffices to prove that the condition is suffi- 
cient. From the assumptions it follows that there exists an iso- 
morphism f of F upon a field F* between S’ and F’ which in- 
duces 8 in S. Since g(x) has as many zeros in F as g(x)f =g(x)8 
has zeros in F* and in F’, it follows that all the elements of F’ 
which are algebraic with regard to S’ are contained in F*, and 
since F’ is algebraic with regard to S’, it follows that F’ = F*, 
that is that 8 is induced by the isomorphism f of F upon F’. 


Coro.iary 2. If F is algebraic and separable with regard to its 
subfield S, and F’ is algebraic with regard to its subfield S’, then 
the isomorphism 8 of S upon S’ is induced by an isomorphism of 
F upon F’ tf, and only if, the polynomial g(x) in S has a zero in 
F if, and only tf, g(x)8 has a zero in F’. 


Proor. It suffices to prove the sufficiency of the condition. 
Since an algebraic extension of a field is separable if, and only if, 
the solved irreducible equations of the subfield are separable, f 
F’ is separable with regard to S’. By Corollary 1, F and F’ are 
completely algebraic with regard to S and S’, respectively. 
There exists therefore 


an isomorphism f of F upon an isomorphism g of F’ upon 
afield G’ between S’ and a field G between S and F 
F’ which induces 8 in S. which induces 8-1 in S’. 


If the polynomial g(x) in S has m zeros in F and the polyno- 
mial g(x)8 has n’ zeros in F’, then n Sn’ <2, that is, n=n’, since 
the zeros of g(x) are mapped by f upon zeros of g(x)8 and the 
zeros of g(x)8 are mapped by g upon zeros of g(x). The iso- 
morphism 8 satisfies therefore the condition of Theorem 1 and 
is consequently induced by an isomorphism of F upon F’. 


Coro.iary 3. If F and G are algebraic with regard to their com- 
mon subfield S, and if F is separable with regard to S, then F and 
G are equivalent with regard to S if, and only if, the same equations 
in S have solutions in F and in G. 


Tt See Steinitz, loc. cit. 


A 
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Suppose that F is a field of characteristic p~0 and that K 
is a subfield of F. Then the element x of F is said to be a root 
with regard to K if there exists an integer = n(x) 20 such that 
x?" is an element of K. The set R(K < F) of all the elements in F 
which are roots with regard to K is a subfield of F, contain- 
ing 


LemMaA 2. Suppose that K, is a subfield of the field F; of charac- 
teristic p~0, and that there exists an isomorphism f of K, upon Ko, 
satisfying the condition(K) an equation with coefficients in K, 
has a solution in F, if, and only if, the (under £) corresponding 
equation in Kz has a solution in Fz. Then there exists one and only 
one isomorphism tv of R(Ki< Fi) upon R(Ke< F2) which induces f 
in K, and this isomorphism t satisfies the condition (R) an equa- 
tion with coefficients in R(K,i<F,) has a solution in F, tf, and 
only if, the (under r) corresponding equation in R(K2< F2) has a 
solution in Fo. 


Proor. If the element 6 of F; is a root with regard to K,, then 
there exists a smallest not negative integer e=e(b) such that 
b**® —b* is an element of K;. The polynomialt f,(x) =x" —b* 
is irreducible in K; and its only zero in F; is b, since 
fo(x) =(x—b)*™ in F;. Conversely, a polynomial of the form 
x” —c in K; has at most one zero in F;. 

If now b is any element of R(K:i< FF), then it follows from 
these remarks and from condition (K) that there exists exactly 
one zero of the polynomial x —b*f in Fs, and this uniquely 
determined element of F; may be denoted by dr. It follows from 
the mentioned properties of the fields R(K;< F;) and from the 
equations (x+y)”=x"+y”, that r is an isomorphism of 
R(Ki< F;) upon R(K2< F2) which induces f in K,, and that r is 
the only isomorphism with this property. 

From the formula which has just been mentioned it follows 
that there exists to every polynomial f(x) in R(K;< Fj) a not 
negative integer m such that f(x)” is a polynomial in K;. The 
polynomial f(x) =0 has therefore a solution in F; if, and only if, 
the equation f(x)®"=0 (with coefficients in K;) has a solution 
in F;. Now (R) is a consequence of (K). 


See Steinitz, loc. cit., §§11-14. 
t See Steinitz, loc. cit., §§11-14. 
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A consequence of this Lemma 2 and of Corollary 2 is the 
following corollary. 


COROLLARY 4. Suppose that the field F; of characteristic pX~0 
is algebraic with regard to its subfield K and that F, is separable 
with regard to R(K < F,). Then F, and F2 are equivalent extensions 
of their common subfield K if, and only if, the same equations in K 
have solutions in F, and in F». 


REMARK. If F is an algebraic extension of the field K of char- 
acteristic p+0, then it may happen that F is not separable with 
regard to R(K <F).{ If F is algebraic and normal with regard 
to K, then F is always{ separable with regard to R(K<F). 
Corollary 4 contains therefore the analogous proposition con- 
cerning normal algebraic extensions which has been mentioned 
in the beginning of this note. . 


THE INSTITUTE FOR ADVANCED STUDY 


7 An example for this phenomenon may be found in R. Baer, Abbildungs- 
eigenschaften algebraischer Erweiterungen, Mathematische Zeitschrift, vol. 33 
(1931), pp. 451-479, particularly pp. 471-472. 

t See Baer, loc. cit., Satz 14 on p.471; for further criteria see Satze 15 and 16. 
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A COMPLETE SYSTEM FOR THE SIMPLE GROUP Gi 
BY C. W. STROM 


The problem of this paper is to obtain an irreducible set of 
polynomials in terms of which all the polynomials that are in- 
variant under the simple group Gp can be expressed as poly- 
nomial functions. 

No polynomials of degrees and extents 1 and 2 respectively 
are invariant under this group except the respective elemen- 
tary symmetric polynomials, E,; and E2. Hence, this irreducible 
set will contain no polynomials of extents 1 and 2 other than 
the elementary symmetric polynomials which we shall write as 
S-polynomials: 


Si=E, and S2= Ep. 
The group leaves invariant the set of triples, 
123, 134, 145, 156, 162, 235, 346, 452, 563, 624, 
and the complementary set 
124, 146, 163, 135, 152, 243, 465, 632, 354, 526. 
Hence the S-polynomials, 
= + + + , 
or, as we shall write them, 
Sie3 = 123 + 1344+ 1454+---, 
= 1244+ 1464+ 1634+---, 


are invariant under the group. Clearly, the polynomials Sj io: 
and Sji# are also invariant under the group, where 


the general symmetric polynomial of extent 3 on 6 variables. 
Each of the 15 quadruples that can be selected from among 

the numbers 1, - -- , 6 may be regarded as the intersection of 

two of the triples in each of the sets above. Thus, 1234 is the 
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intersection of 123 and 134 in the first set and of 124 and 234 in 
the second set. We shall write the quadruple 1234 in the form 
13-24 and we shall define the S-polynomial of extent 4 and 
degree 4: 
S13-24 = 13-24 + 23-45 + 12-36 + 45-12 + 26-14 + 16-25 
+ 14-35 + 34-16 + 56-13 + 15-46 + 25-34 + 35-26 
+ 24-56 + 36-45 + 46-23. 


Then, Si3.24= but 


Each of the six quintuples that can be selected from among 
the numbers 1, - - - , 6 contains ten triples and these form five 
pairs, consisting of one triple from each set having an element 
in common. Thus, the quintuple 12345 contains the following 
pairs: 

513, 524; 423, 415; 345, 321; 214, 253; and 125, 143. 

We define the S-polynomial of extent 5 and degree 5: 
S5.13-24 = 5-13-24 + 4-23-15 + 3-45-32 + 2-14-53 + 1-25-43 
+ terms obtained from the five remaining quintuples. We define 
further 

= 54-113 *-2'4™ 4+ 1437-24! 4 4i. 213%. 115 ™ 

+ 4+ 34-415*. 4+ 

+ 4 2%. 1447.53! 4 1%. 215%. 

+ 1'-2*57-4™3! + 50 additional terms, 
where the additional terms are obtained from the 5 remaining 
quintuples. Then 


S5.13-24 = SEs, 
and 


+ S51. + S56. 143m. 9740 
+ S5s.1!3m.2841 + 48 additional S—polynomials, 
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where the additional polynomials are obtained by placing 
j, k, l, and m in succession as the exponent on the outstanding 
element, 5. 


It is to be noted that each S-polynomial of extent 5 can be 
written in five different ways. Thus 


S5i-1138- 904m = S = S gk. Sot. = 4mge 


The general symmetric polynomial of extent 6 consists of the 
sum of S-polynomials of extent 6, but since each of these is the 
product of some power of the elementary symmetric polynomial 
of degree 6 by some S-polynomial of extent less than 6, they do 
not require further examination. 

It is clear from their definitions that all the S-polynomials 
defined above belong to the simple group C% and that every 
polynomial that belongs to this group is a polynomial in the 
S-polynomials. The irreducible set that we seek is therefore to 
be selected from among the S-polynomials. 

Since we may take x, - - - , x5 as the roots of the equation 


— — x2) --- (x — = 0, 


we can express powers of x; 26 in terms of the elementary sym- 
metric polynomials and powers of x; <6. We may therefore con- 
fine our attention to S-polynomials for which 1 $7, 7,--- , kS6. 

The general method of procedure differs only in details from 
that employed in investigating the complete system of the sim- 
ple group Gig which was described in an earlier paper.* This 
procedure isolates a small set of polynomials from which the 
following 11, forming an irreducible set, may be conveniently 
chosen as a complete system for the polynomials that are in- 
variant under the simple group Gio: 


E;, (i i, 6), S123, S1i3-24, Gj = 2. 3; 4, 5). 


VANCOUVER, B. C. 


* On complete systems under certain finite groups, this Bulletin, vol. 37 
(1931), p. 570. 
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